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(##'%#!* 4y = Xβ + ε6; <%01"00&!*$ &007!(# ))' Y 5')"")&# 788%')&' Yuus;
=#++#.&9 #' &))*$.&!(# (!*$1! >#+*$ ))# 7$$'+)&# .0-'$9 /#$(# (!*$1! '#($

.0-'$ '#$*($ 2 /#$(# 0&.$($ '#*$ &!*)*$ 7$"$*#9 $:$+00+!&'# 788%')&'#1$;

?#+*$(# &!!"9 #' ))& 7$$'+)& 1#"#%##%!'$.&#9 '#.!'$'$.&#9 &$($ (##'0*! #-.
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Yuus = xT
uusβ + εuus.

<$"#(# '8-#+#@ 0+#(# ##+*$")*9 #' ))# 7$$'+)&# '#.!'$(!&#+ 0&$+#7$* /$5

%$(##'%!'# 788%')&#* 0" "##*&$($* (!& $:$+00+!&'# 7$$'+)&'# '#.!'$(!&#.&

.$&)'$')* /$%$(##'%!* 2 &$($ 7#.'0% β 0" (8"1)& "!! ))'# .)! $:$+00+!&5

'# 788%')&'# +00(!&#+;  !&$.& ##+*$(#9 #' ))# 7$$'+)&# :88. 0" &3+')($')

7$%$&#($'#&' :88.!*#&'9 εuus⊥ε9 :$ ##+*$(#9 #' :88.!*# -$:)7)& #! ())')@

Aεuus = Aεi = σ2
;
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Ŷuus = xT
uusβ̂

= xT
uus(X

TX)−XTy.
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Yuus − Ŷuus = xT
uusβ − xT

uusβ̂ + εuus.

3.4.$5 ,.% y 6- Yuus )+ +)(0--$6-)/.&#*-5 y ∼ N(Xβ;σ2I);Yuus ∼ N(xT
uusβ;σ

2)5
&%%& )+ +)(0--$6-)/.&#*- ,- '()*+))&%2%*- 7,-4# &8$/.0-/. +)(0--$6-)/.&#*-

6.4.&$%,. &..(.&# &.00- )+ ,- +)(0--$6-)/.&#*-9:

Yuus − Ŷuus ∼ N
(

0;;(xT
uusβ̂) +;(εuus)

)

∼ N
(

0;xT
uus(X

TX)−xuusσ
2 + σ2

)

∼ N
(

0;σ2(1 + xT
uus(X

TX)−xuus)
)

"##*- &/-+1-(1%&##(%/.1 '()*+))&%2%*- )+ &/-+1-(1&# +)(0--$6-)/.&#*- 6.<

4.&$%, &..(.&:

Yuus − Ŷuus
√

σ2(1 + xT
uus(X

TX)−xuus)
∼ N(0; 1).

"--1.1 /.$#0.&#&/ )$#,& ,-&. '()*+))&% /='&.&# ,%(6#$1-0%&#$ &%%&5 ,.% /#-,&%<

0# 6==,%1# 4-6.2.&/ 7σ2
9> ?-(-,. 0# #% /#- 6==,%1# 4-6.2.&/ /='&#$/ 7,.%*%

4%++-/- 0# /#1- 6.@- )&,-0#9> 3=(*0%&#+- A(%/-0# &#$$#&/ /.+10-/.&/ &..(.<

&#&/ ,.%1-*% $-4/% &--1-> B''% &--0# 28//- 2-(#0 /8#&/-/.1 /.$#0.&#5 2--/-

2-$#0%/ C>D $#4#,A$6#$/ CC:

yT (I−PX)y

σ2
∼ χ2

df=n−(-+,(X)
.

E.% X ∼ N(0; 1) 6- Y ∼ χ2
df 5 &%%&

X
√

Y/df
∼ tdf .

3=(#$%,.$/ ,- 7,-&./-1#& /=4%&/.&/ p := (-+,(X)9:

Yuus − Ŷuus
√

σ2(1 + xT
uus(X

TX)−xuus)
/

√

yT (I−PX)y

σ2(n− p)
∼ tdf=n−p

Yuus − Ŷuus
√

σ̂2(1 + xT
uus(X

TX)−xuus)
∼ tdf=n−p

,.& σ̂2 = F"G = yT (I−PX)y/(n− p)>
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"##$%&' (')'*%$ &%+,'-+%../ σ2
0%+ 0'%& 12-'0 +')2+ ./ *3,4$+ $2&4/4&5

622&4& (4*'04+( 13%7 $2+4(2&2 0%(0'(%5 8#%('$+ 13%0' ('+(%&29 ')2 2/&0'%&

)'/'-''-%1 0'::2/%+0 ,.*' 12:','2* 044(4/4& ;$2+ 44+ 122(*4+ ./ ,#-%( +2<

02+( ,.,4*2(+%../%+( $4+( ,#-%/'12& 12-2+'02& 122(*4+'&=5 6'**%+' :>,.(''+%

$./(-.**%0%+'$+ 13%0' $2+4(2&2 ('+(+(2(%+(%$4(

t =
Yuus − Ŷuus

√

σ̂2(1 + xT
uus(X

TX)−xuus)
.

84**:>,.(''+% $':(%&'+ ;2/&0'%& )'/'-''-%1 0'::2/%+0 ./ ?##/4& +202$+=

./ t ∼ tdf=n−p5 6'&2 (>>,% ('+(% +227 $2+4(2&2 /#%('$+ $./(-.**%02$+9 ')2

(@@+(4++'2&0'(' +'2&%+(4+ ,.*' (@@ $#%)4+ ,2%)2+( #-2 *#%/4&5

622&4& (4*'04+( +227 $2+4(2&2 2)2 $2 ,-.)/..+%%/('-12**% *'%&0%+'$+5

(1−α)<,-.)/..+%%/('-12** ./ 12:'0%$9 $4:4 ?#-)0%+' ?4:4+*%$4 +44-4+' 1##-<

(4+ ?##7 (3'/#.+4+')2 (1− α)A

P

(

tα/2;df=n−p ≤
Yuus − Ŷuus

√

σ̂2(1 + xT
uus(X

TX)−xuus)
≤ t1−α/2;df=n−p

)

= 1− α

P

(

Ŷuus + tα/2;df=n−p

√

σ̂2(1 + xT
uus(X

TX)−xuus) ≤ Yuus ≤

≤ Ŷuus + t1−α/2;df=n−p

√

σ̂2(1 + xT
uus(X

TX)−xuus)

)

= 1− α

B:$9 2-1'+(2&'+ '( tα = −t1−α9 .*'0' +22/4& (1−α)<,-.)/..+%%/('-12**%
*'%&0%+'$+ 12*'0%A

Ŷuus ± tα/2;df=n−p

√

σ̂2(1 + xT
uus(X

TX)−xuus).
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13%7 2)2 .+4(4&2 /2'-41##-+'$+ %+')% +44-' 12*%0% $.--2*5 H4-%(212 (4//4+'

?2.(4+ '% ,-44)% %+')% $4%)%13-& '-%/'&2 /.-022*?2.(4+'+(9 2)2 ?472 ./ *'%(4&
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"#$%& '(() *+$,-%& ./0/1($"- 21($"-3 45567 8''(, 8)%9,9: 8;'<*''&$$*,-;")(($=

:- %)&9,)>$*-?

[Ŷuus + anq̂α/2; Ŷuus + anq̂1−α/2],

%9&

an =

(

1 +
15

n

)
√

n

n− p
·
√

1 + xT
uus(X

TX)−xuus

@) q̂α/2, q̂1−α/2 '* A$**)*<9: ;-<;-&&$''*>9:-($ @++%$:- (α/2) @) (1 − α/2)=
%")*,$$($(-/
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B;'<*''&$&$>- 99, @9A9&($%%9 &99;9&, Yuus ")(->$<) Ŷuus = xT
uusβ̂/ C)& &--

'* $%%) ,);% @) >#$&,($% 8;'<*''&D E$(($*- '(-%& '(->)&'(-") $*F';>),&$''*$

2xuus,y,X7 ")(<9&-& ,);% @) >#$&,($% 8;'<*''&D

 !"#$%&$''# ()*  !"!#$%&! #!!'!#( Yuus )*'%+*&# )',-.,,#%&# /0(#1 2'(3

4%51,'6 &!1#!1*&#( #($$%#1 7!"!#$%&&! #!!'!#1 Ŷuus = Ŷuus(xuus,y,X)8 +%$$(

)!"!$ &(#&+%.( )',-.,,#% '!!19%-* ,. +%.%+**$.(:

;(Yuus − Ŷuus)
2 ≤ ;(Yuus − Ỹuus)

2

+%#1*"(# 1(%#( 7!"!#$%&! #!!'!#( Yuus )',-.,,#% Ỹuus &,''*$<

=(#&9>>'1!# *.1!4 4(?.%1#%,,.%# ,. 9@(1!4 .%% A$( &@%&+@($4*9*1( Yuus
9>>'1!#1( &!% &* A$( &@%&+@($4*9*1( 9*$%+%1( y<

+!',!!- ()*  !"!#$%&! #!!'!#( Yuus )*'%+*&# )',-.,,#%&# ,. 1%.-$%& &(#&3

9>>'1!# Y0 := ;(Yuus|y)<

G#-&,9&?

H)),)>- %-&%>$&, ;99,"$<) >$*<$ &9")($&- 8;'<*''&$ Ỹuus = Ỹuus(y,xuus)
%';;)(?

I(Yuus − Ỹuus)
2 = I(Yuus − Y0 + Y0 − Ỹuus)

2

= I(Yuus − Y0)
2 + I(Y0 − Ỹuus)

2 + 2I[(Yuus − Y0)(Y0 − Ỹuus)]

H)),)>- "$$>)&, ($$:-,)"), @) 8-)>- >--(-&3 -, IX = I[I(X|Y )]?
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![(Yuus − Y0)(Y0 − Ỹuus)] = !y

[

!Yuus|y

(

(Yuus − Y0)(Y0 − Ỹuus)
)]

= !y

[

(Y0 − Ỹuus) · !Yuus|y (Yuus − Y0)
]

= !y[(Y0 − Ỹuus) · 0]

= 0

"#$% &'%() *&+,-, ./00&+ #1. 2.$##0,%() y *330%($# ./00&+ /' Y0 − Ỹuus
./'$%&'% 4& !Yuus|yYuus = Y05

6+#-# $&&'()7 #%

!(Yuus − Ỹuus)
2 = !(Yuus − Y0)

2 + !(Y0 − Ỹuus)
2

.($% *8,-# *3+4& +(9#)&7 #% :0/9'//$, 0((%*#& -,',-,$##0,-,$#.$ :#&-# *&;

+,-& Ỹuus = Y0(= !(Yuus|y))5
"##9& /' :&0,-&.$ :0/9'//$,.$ %,'9+,. .#$.*330%($5 <#,) 1(*,%&*&$ ./';

%#.$%,$

!(Yuus|y) = !Yuus = xT
uusβ

$#$% Yuus 4& y /' %#1%() ##+)($# ./1&$#+% $8+%(-&%() =εuus⊥ε>5
?&0&.( '3,%&@ $&&)() %(+#-($7 #% :&0,- :0/9'//$ /' %&*&+,$#+% .3%%#$&&;

-&%( +(.$($ A :&0&-##%0,%# β %#9#+,.() *330%($#) :/+# -#,+# 4( %#&)& =-#

$&&-# '#,) *&,) 1,''&%&7 &9& %#9#+,. *330%($ /' 4( ,..&9, *#,), -,)&9, -(()

.(, 1,''&'9>5
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!#+'#*&+% '39,-#7 #% :&0,- :0/9'//$ /' +(.$($7 -,)& -# 1&0*& #')&+# +(@&;

)& $&&-# =:/:(+&%$,//', :&0&-##%0,%# β %3:'# -88%-,'# /' #'&-&$%, *39&

.&++,$ A .8,.$#) ((0,'9() /' %&*&+,$#+% :&+4( ./0), .&++,-&) .(, *&+,.(((;

0,'9()>5 B'%() :#&%C.,$ C0,%&-# /%$,)& :&0,-&% :0/9'//$, *#,), .,%$&-&$%

*8,-&+,.# :0/9'//$,)# .+&$$,$%5 <# #, /%$, #'&- :&0,-&% :0/9'//$, .8,.-8#+;

)&*&%# :0/9'//$,)# $#&$%7 *&,) /%$,-# :&0,-&% :0/9'//$, ',1.#%& +,'#&&0$#%#

:0/9'//$,)# $#$%5

 !"#$%&$''# ()*  !"!#$%&! #!!'!#( Yuus )*'%+*&# $%,(**'#(&# ,%"&(-* )'./0

,..#%&# 12(#- 3%,(*' 4,5%*#(6 7'(6%8-.'9 &!-#!-*&#( #($$%#- )'./,..#% Ŷuus =
Ŷuus(xuus,y,X): +%# '*"!$6*5 ;<'/+%#(%6 ,=!6(%6>

?@ 3%,(**'#!#

Ŷuus = Ay + c;
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*Ŷuus = *Yuus (∀β);

+! ,-.#/

*(Yuus − Ŷuus)
2 ≤ *(Yuus − Ỹuus)

2

/#)'-$&) '&#)& 0#1&--.)& 1#$%&'- 2.34133)# Ỹuus %3..-0!

"#$ %&'()''* ') +$),--&), .- )$/0,1-2 *$$*

3Ŷuus = 3Yuus (∀β)

3(Ay + c) = xT
uusβ (∀β)

AXβ + c = xT
uusβ (∀β).

4$$5-*,*1 67&8#*,*1 )9,5,2 ,1 c = 0 :;+-+1''8#8 1$)($5#* %,-< 0,/1$5- 0-

β = 0 0'&&-+= .- *--5,2 ,1

AX = xT
uus. : >?=

 !"#!!$ %&' ,-.#/ 0#1&--.1& 1#$%&'- $#11-14 5($()0#%(0& )((.()&0& Yuus
31 %(5(0

Ŷuus = xT
uusβ̂

= xT
uus(X

TX)−XTy

= Ay,

%() A := xT
uus(X

TX)−XT
!

@7,*1#*>

A+(# -)1#8 0-0* +$),--&*,1 )$/0,1- /$))-)(#12 Ŷuus = Ay .- Ỹuus = By>

3(Yuus −By)2 = 3(Yuus −Ay +Ay −By)2

= 3(Yuus −Ay)2 + 3(Ay −By)2 +

+23[(Yuus −Ay)(Ay −By)].

"#$ *##8-0*$5, )9$8-1-2 ,1 6-+$0# A := xT
uus(X

TX)−XT
%#/#+ '+,0* 6$$B

5-), +$$8,1-6 C2 '+,0*$5,($ 1,'&,,5$ 17,*1-)#8 :*,*1 *$$* ') 5$*1-/,* 1,$*,

+$),--&*, )$/0,1- %&'()''*$ 0,*05$), &##16$(- 0$&.- %-)8-6 0#$ %&'()''*$

Ay 0,*05$), &##16$(- %+#** 5$8-($ 5$11,),(-1$$6*,12 *,,(- $(- 1,$*, 57,+B

8-6- %&'()''*$ 0,*05$), &##16$(- *--< 1#++- 6-$8 *##&,5 0#$ %&'()''*$ Ay

0,*05$), &##16$(->



 !"! #$%&' (&)*$$%)* )&+,*-$ #%./)..0  !

"#$%&'() (% *[(Yuus −Ay)(Ay −By)] = 0+

*[(Yuus −Ay)(Ay −By)] = *[(Yuus −Ay)yT (AT −BT )] , -./

= *[Yuusy
T (AT −BT )]− *[AyyT (AT −BT )]

0&&%&'( (1'&2% (1$'(1% 2$$3(%&4&%(1%+

*[Yuusy
T (AT −BT )] = *Yuus

{

*Y |Yuus

[

Yuusy
T (AT −BT )

]}

= *Yuus

{

Yuus*Y |Yuus
(y)T (AT −BT )

}

= *Yuus

{

Yuusβ
TXT (AT −BT )

}

= *Yuus

{

Yuusβ
T · 0

}

= 0

1(1% AX = BX = xT
uus ,4&&%& 4&2('$%  -5/ 6& 6#7(2$892% (A−B)X = 0-

:;;739'( %&<&1$ 4&2('$ , -./ 69973( 6& &19'( 997$'& %($1( 2$$3(%&4& 4##7=

%91%-

*

[

AyyT (AT −BT )
]

= A*

(

yyT
)

(AT −BT )

= A
(

σ2 · I+ *y(*y)T
)

(AT −BT )

= σ2A(AT −BT ) +AXββTXT (AT −BT )

= 0 + 0

1(1% XT (AT −BT ) = 0 6& 4&2$89 A = xT
uus(X

TX)−XT
8>77&2 8&

A(AT −BT ) = xT
uus(X

TX)−XT (AT −BT ) = xT
uus(X

TX)− · 0 = 0.

?2('( 1((<& 1&&@93) (%

*(Yuus −By)2 = *(Yuus −Ay)2 + *(Ay −By)2

6& 6#7(2$892% ($ 1&& A818$ %($@( 2$@(&&7@( @$B8(%& C7><@>>1 >'&3& 4#$81('&%

8(18'$1% C7><@>>1$4$<& 89$ C7><@>>1 Ay = xT
uusβ̂-

�


