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σ2
∼ χ2

df ; S2⊥Yi.
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P(studenti haare>4.1)=0.025 

1−ptukey(4.1, nmeans=3, df=18)
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"##$%&'$( )*%+#,*- *$ &&./$#"# $&00&'* 1#2&"&' 30 45/6/' 737&%#$'/330/+*'

'#,#'&6&0*- σ2
( 8#%/,/4*'4,/'$* 2#3$&' 30 '*%%/'*% 2&1&% 03.,##%2#3$&' 9":;

1*,#%$ %/6/4#&+'*%$<-

Y i. ∼ N(µi;σ
2/7).

=#,&$/ 30 ,*/* 4:'&$&'*' "#%/,/4*'4,/'$*'$ '5%$&,#$& 1/00#06 "##$%&'$*

+/'7*.'/330/%*- >=) 9"#?#+&'#'$,*$* #."&6# n− p = n− .#04(X) = 7 · 3−
3 = 18<- 2# "#%/,/4*'4,/'$* +/'7*.'/330/%* 9>=)@ <( A&1&%- 4&/ 4*'4"::.$&;

'*+ 3%*4'/+ 45/6/' &&./$#"#$*' 737&%#$'/330/+*' '#,#+- 3%*4' "#%/,/4*'4,/'$*

,#4'/,##%0* *./0*"&' 2#6#$&+

√

MSE/7;6# 2:.*%/4&%$ =$&+*0$/ 1##.+*2#3;

$&'*6# 2&1&'%/4 '&&.&'(

B%6& 43%,* "#%/,/ 4*'4,/'*+ 2:.6,/'*+C Y 1. = 14,2;Y 2. = 6;Y 3. = 6,2(
D/14*$# 1/00#06 2::4/+* +/'7*.'/330/%* 3%6& >=)E!F( =$&+*0$/ 1##.* 30 '**;

6# (14,2 − 6)/
√

MSE/7 = 4,1 G&0# '$#0+#.+/'**./$&+ *./0*"&' 4*'4,/'$*
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0*"&'$ 43%,* "#%/,/ 4*'4,/'$* "#1*% 0:*4'/,* 0&%%1I73$**'/ 4*1$/+*' 94*'4;
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85..*%+*' M( 2# N( 737&%#$'/330/ '##,* =$&+*0$/ 1##.+*4' O H '*+#"5.+ '&&.
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maxi Y i. −minj Y j.
√

MSE/k
∼ Q(t; k · t− t).

G&0# maxi Y i. −minj Y j. ≥ |Y i. − Y j.| ∀i, j '//'
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{

|Y i. − Y j.|
√

MSE/k
≤ Q1−α;t;k·t−t

}



 = 1− α.

4&'Q1−α;t;k·t−t $:1/'$#? 7#.#,**$./$*6# t 2# k·t−t =$&+*0$/ 1##.+*2#3$&'* 1−
α;4"#0$//%/( 8#?#+&'#'$,*$* #." k ·t−t 30 #0$&+ 0:/$*' +/'7*.'/330/1/00#06&

9>=)< "#?#+&'##'$,*$* #." 9,*/% *0#,#'$/ "#.*, *'/$#$&+ 4&/ n− p<(
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√
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&% +(22#2%/%&%%)')(/2# %43+#/2(&# &*--%)5 &(-,'2%+# >'&#? +##2*3( .69(01(2#

0#(3( 2#(/#)# &',')#=
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|Y i. − Y j.| ≤
√

σ̂2/k ·Q1−α;t;n−p

}



 = 1− α

P





⋂

i,j

{
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√
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√
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

 = 1− α
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|Y i. − Y j.| ≤
√
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2

}


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B$% /''-'/2 D̂(Y i.−Y j.) */&%+# ,' &#-$#/2( %-0'2%3% &% /((/5 &'( 0%)(+(2#

/''-'/#3 .*)# /%+%/''-#3= D̂(Y i. − Y j.) = σ̂2/ni + σ̂2/nj : >'&#?8@-%+#-M(

+##2*3( .'9') )*#2%&/#$( i: ,% j: $-'.( &#/&011-2'/#3 /2%2(/2()(/#)2 *)')(/#)2

#-(4#0%2#&/5 &'(

Y i. − Y j. >
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√
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8)*$.-$*2 9:2.-; <%44% +%%./0- *3-6* 2**0#0 .%2.-0 =>- #2*40#2-1.%)=*44-0 =>-=*0

/44* 4--6* $/12%)=*.--=2%05 $#- %)- 6)#88-0%2 /1 +>>0%.#0 $?+1%-0 $/)0- %)-'

1%= *)= =**.4#2%-05 *6* *1.#0 +%%./0 %- .%% $#1*6- @'4--$- =-6* 2##)%+* .>%'

1:/2#2%6* $#- 4#3*.#0 A=. B*&.%)5 CDE!F; (#- "#$%&'()*+%)- +%%./0- *3-4

>11%2.#3 .>%2.*0* $%2$=::).#2.% %)-1%=#25 2--2 =>-+% /44* $-104*05 %. +% 8/4%

.%-1#0 @'4--$- =-6* 2##)%+* .>%1:/2#2%6* $#- 4#3*2-+%;

(#- 2##) 2%% 4--61% $/12%)=*.--=2#2 2--2 /1G (#- =>)04%+% $/4+% 6)#8-

$%2$=::).#2%-05 n1 = 100, n2 = 10, n3 = 10 A%9$ 6)#88-0% 2##)#2%0 %)-1%=*0

CH $/)0*F5 I* $*2#.*+% /4#4-2#2% 1-=//0 α = 0,055 2--2 1#449?8/.%%2- $%9.-0%2
A$>-$ $%2$=::).#2%0 /1 .%6%4-$#4. =>)02%0F /1 "#$%&'()*+%)- +%%./0- .%6%4-$

@'4--$- =%* .%6%+-2% .>%1:/2#2 H5H!E; J9$$- .#4%+#2 /1 =:-$2%+ $#- H5HK5

/1 %)-1%=#2 2--2$- =:6* =:-$% I* %1*+*2.- 8)*$.-4-2.% ?4%*11%.% 4*9%10*+-2%4

-61/)%%)-.*=;

 !" #$%&'&((%&')$*') t+,-.%/*') 0-*''1/2-3 %'*%$3

"#$%& +%%./0 /1 .:81% .*2*$**4#4-2% *10+%2.-$# $/))*4; L-..%.*2*$**4#4-2%

*10+%2.-$# =>- $%%)#$*+*.% 9?8/.%%2-0% $/))*4 .#4%3 9%* 4*9%10#2% 4%-0'

+-2%$2 /.2-0* ##02%. 4:9%1%+-2=--2-; M4#2.*+% /+* /.2-16#-0 ?9% 4-9.2* 1:-'

.%6*;

N**.*+% $*9% .*2%+%6* O*$.)/.#11#2. 2-2*40*=*. 0-28%)2-//1*1*4??2- +#'

0%4-.P

Yij = µi + εij ; i = 1,2; j = 1, . . . , n,

%9$ Y = Xβ + ε, $#2 βT = (µ1;µ2); (%2$+-2.% =*9% /4%$2 2%44-2%2 +#0%'

4-2 λT β̂, $#2 λT = (1;−1); Q#9#4 $#- $%2$=::).#2%0 %- %)-1% ?$2.%-2%2.5 2--2

λTβ = 0; <%44-2%4 %)-I#9#4 =>-+% "#$%& =:-.% $-)I* 8*11* I:)6+-2%4 $#I#4P

.>%1:/2#2%6* 1 − α I::3 =*4-+-$%2$+-2.% %)-1%=#2 A1#449?8/.%%2- $%9.-0%2 '

$%2$=::).#2%0 %- %)-1%F =*9%+-$$#

−Q1−α;2;2n−2 ≤ λT β̂√
MSE/n

≤ Q1−α;2;2n−2

−Q1−α;2;2n−2 ≤ λT β̂−λT β
√

̂D(λT β̂)/
√
2

≤ Q1−α;2;2n−2

−Q1−α;2;2n−2/
√
2 ≤ λT β̂−λT β

√

̂D(λT β̂)

≤ Q1−α;2;2n−2/
√
2.

(#1* 1#449?8/.%%2- $%9.-0%2 /1 =>))*.#2% $%2$+-1% /2* t'I*/.#2%6*5 2**'
+% 2--. ?9% 2%/2% <.#0%1.- 9**)0%I*/.#2% I* t'I*/.#2% $=*1.--4-0% $/9.*PQ1−α;2;df/

√
2 =
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t1−α/2;df " #$%&'& ()*&+&, &( - .$+/'/ 0122$+ 1% t34$1(56&+ 7$6&&25. *891(&&6/:&

01%(21++/'/%& ')206$ '5;$.$' .<22&+:&6 =50&> *$$2:&4$1(56& 0$65($'/6&;$

? 91+& 9//2$%;5/: .$+/'/'$*5+&, +57$(5: 1% 0&&250$'$: *891(&&6/: @'& &/

9&$ 9//2:5'$ .$/: 0$*& ;259/ 0&60.))2(56(& .<2:+&'/6&;$, .$/: .</'& 086/3

:$ 0$ 0&&250$'$/: 086/'56/A" =$0/6(56&06 1% .$/: $64$1+5, &( '& 456(%$;5

&/ 6$$06 086/:$ 6$'$$&;6&+( 21*0&' 05/ 8*(& 086/'56( ? 6$$'& 0122$;$

(&16($:$ .$/: 8*& 0&60.))2(56(& .<2:+56&"

B5/:$6 655:$06/'& t3(&6(/ $++$ '$*5($:$ %)/(&06 01+'& 0&60.))2(56& 6$3

'$$&;6&: .<2:+56&:C D99/ (5+&7 .<(($ '/('&'<<('&+/%& t34$1(56"

E&F%&&2/'& &6'$+( '/('&'<<('&+/6& t34$1(56&"

G+;5 y d3'<<('&+/6& %12'$$+4$1(56&;$ 45*56+/0 655256, y ∼ Nd(0;Σ)"
G+;5 $%(5: 0$ .&0(12/6( y 6<+(5'$(5 *//3255( 4$1(56&;$ 45*56+/0 655256 Z ∼
χ2
df "

H//6 x := y√
Z/df

1% d3'<<('&+/6& t34$1(56&;$ @.$7$:56$6('&(& $2.5;$ df

4$ 01.$2/$(6/11%/'$$(2/06/;$ ΣA 45*56+/0 655256,

x ∼ td(df ;Σ).

E&F%&&2/'& *89&20557/ '/++& 08+4& 9/0056&06 1% 2cI

hkuup(c) := {x = (x1; . . . ;xd)
T | − c ≤ xi ≤ c}.

J)2;%&.$+( .$+/'& 01%6($%:/ c .))2(56& 6&++/6&+(, &( '/('&'<<('&+/6& t3
4$1(56&;$ 45*56+/0 655256 x ∼ td(df ;Σ) 6$(506 *89&20559/ (<&%)1656&;$

1− αI

P (x ∈ hkuup(c)) = 1− α.

K)/(&06 8*&'<<('&+/6& @H(5:&%(/A t34$1(56& 0122$+ 2$*5+:$7 8+$+(11:5: (/%3

;/'56( .$+/0 c = t1−α/2;df " L+:45*5+ .</'& 0$65($:$ 01%6($%:/ c +&/:'/6&06

'<%:$ $2.5(/921;2$''/ ? %)/(&06 M3/6 6$$7 611./(5: 01%6($%(& +&/:$ +/6$3

'11:5+/6  !"#$% 9$/0%&.$ N5%0(6/11%/ & !" $7/+"

B5/:$6 0$65($:$ '/('&'<<('&+/6( t34$1(56( 4$ +&/(5: 01%6($%(/ c'/('&6&

(&6(/'/6& 9217+&&'/ +$*&%:$'/6&+C

G+;5 $%(5: */%%$($.$: 9$2$'&&(2/(& +/%&$$201'7/%$(6/11%/: λT
1 β; . . . ;λ

T
k β.

H11./'& +&/:$ %&/+& +/%&$$201'7/%$(6/11%/:&+& 8*/6&/: 56$+:56.$*&'/00& ?

6&++/6&/: .$*&'/00&, '/++&66& 0</;/ %&%:& +/%&$$201'7/%$(6/11%/:& (&;&+/05:

.))2(56&: 4)).$: (<&%)1656&;$ 1− α"

O11:56($'& +/%&$$201'7/%$(6/11%/:&6( '$$(2/06/Λ = (λ1| . . . |λk)" O)23

0$'&, &(

ΛT
(

β̂ − β
)

∼ N(0;σ2ΛT (XTX)−Λ).
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"#$%&'()*+ ,-$$.+)/' (',+-$0 ΛT (β̂ − β) *#10 20)%-&))*/))+$0,30%) M

/0**' 20)%-&))*0* -& 3..$.3'2

1√
4(λT

i
β̂)
5

M =









1√
λT

1
(XTX)−λ1σ2

. . . 0

6

6

6

6

6

6

6

6

6

0 . . . 1√
λT

k
(XTX)−λkσ2









.

7) (',+-$ MΛT (β̂−β) -& k8/99+/'*03' &-$/))*:)-+.3'%) :.;.3*0, 3..$.3<

MΛT (β̂ − β) ∼ N
(

0;M4(ΛT β̂)MT
)

,

:) 3-101 /0+/'/99+/'*03' t8:)-+.3' 2'=&0+30--&03 (',+-$0 y $-**0 >/..3')3<

-3)2 /0+/'/99+/'*03' t8:)-+.3' 2'=&0+30--&02 &9.)()2< '+ :.;.3*0,. (',+-$0

y ,-()$0)+30--&0/))+$0,30Σ 20)%-&))*0* -*',302 ?;'26 @&+.2 (',+-$ $);.*2)1

,) 3'2) &9.'+< ,90%0 '*'/'&+02' 203A'$30--&02 -& (9$23'2 ?;'%)B6

".;.3*0,. 3..$.3' Z -3)33' 3-101 )%) 3..$'A#$)3'*+ :.;.3*0, 3..$.3 (n−
p)MSE/σ2 ∼ χ2

df=n−p< ,.3 p = $)&,(X)6 C''%) -& 2'=&0+30--&0 ,-;)3'*+

MΛT (β̂ − β)/
√

MSE/σ2 ∼ tk(n− p;M4(ΛT β̂)MT ).

7-&3+$.''$0+.2 k8/99+/'*03' t8:)-+.3'%) (',+-$0 i6 '*'/'&+

λT
i

(

β̂ − β
)

√

λT
i (X

TX)−λiMSE
,

'0 39*+. +.&2/)+.3+ A)$)/''+$03+ σ >,?** )%) -& +.&2/)+. A)$)/''+$0 β

D.&,+30--&B6

C)/.+0 (90/' (''&2.2)< '+ ,-()$0)+30--&0/))+$0,3 M4(ΛT β̂)MT
'0 308

3)*2) +.&2/)+.02 A)$)/''+$'02 E 3'3+ σ2
'30&'1 &00 /))+$0,303 4(ΛT β̂) =

σ2ΛT (XTX)−λT
,.0 ,) /))+$0,303 M :) +))&2.1 (#*:)6

C))2.2 +.*'/.3+ 3))/' ,)3.+)2) ?;03+' .3)*2.3();'/0,' ,-&3+$.''$08

/03',36 7.&)

P

(

MΛT (β̂ − β)
√

MSE/σ2
∈ hkuup(c)

)

= 1− α

3003 :#$'*0,.*+
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P





⋂

i=1,...,k







−c ≤ λT
i β̂ − λT

i β
√

λT
i (X

TX)−λiMSE
≤ c









 = 1− α

!"#$%

P





⋂

i=1,...,k

{

−λT
i β̂ − c ·

√

λT
i (X

TX)−λiMSE ≤ −λT
i β ≤

≤ −λT
i β̂ + c ·

√

λT
i (X

TX)−λiMSE

})

= 1− α

P





⋂

i=1,...,k

{

λT
i β̂ + c ·

√

λT
i (X

TX)−λiMSE ≥ λT
i β ≥

≥ λT
i β̂ − c ·

√

λT
i (X

TX)−λiMSE

})

= 1− α
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