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8ŷ: *1*)/ <?.'.1) 2##$*)&04



 !  !"#$%% &' ()*!+,  "-"(!!#-,#! .,/*"(,/!

 !"#!!$ %&'  !!"#$%& PX '( &)**++"#$,$(+-

"#$%&'%(

"$)*$$+, -.,/$ )0$1% &*,-,2203$4 1', +22&*,1% XTX )0$1% 566*2&2- 7%$%&

%8++$$&*,0,%$ +22&*,1%, 566*/+22&*,1% )3 202&, %8++$$&*,0,3$9: ;2*21' -#,<

%8++$$&*,0,%$ +22&*,1%, 80/,%&2&'/ 566*/+22&*,1% )002 12 +,&&$%8++$$&*,=

0,3$: >$0?'< 2?24 $& ,?2 %8++$$&*,0,%$ +22&*,1%, 1)**20 )3 -.@$+20& 81% &$=

+2 80/,%&2&'/ 566*/+22&*,1%,&$%& %8++$$&*,0,3$: >$00,%$1% 80/,%&2&'/ 566*/=

+22&*,1%,1% )3 A))*$=;$3*)%$B, 80/,%&2&'/ 566*/+22&*,1%:

A22&*,1% A+
)3 +22&*,1%, A A))*$=;$3*)%$B, 80/,%&2&'/ 566*/+22&*,1%4

1', &2 *2@'0/2< C.*?+,%$,/ 3#'/$,/(

A = AA+A 780/,%&2&'/ 566*/+22&*,1%9

A+ = A+AA+

(AA+)T = AA+

(A+A)T = A+A

A))*$=;$3*)%$B, 80/,%&2&'/ 566*/+22&*,1% )3 8@$3$ C2 $1%,%&$$*,< 202=

&,: D$,/ -.,&$,/ +$ %,,31)@2% &#$%&2+2 $, @2112 7&$$+2 %)<,< 5,?$+ +#3=

/2 +22&*,1%,&$ 1'*%'%$%%$9: E800 2?2 3.,&2+$4 $& %8++$$&*,0,%$ +22&*,1%, A

1)**20 )3 A+
12 %8++$$&*,0,3$: >$00$1% 3.,&2+$4 $& (A+)T )3 12 +22&*,1%,

A A))*$=;$3*)%$B, 80/,%&2&'/ 566*/+22&*,1%4 C2 %$$?2 (A+)T = A+
4 %$%&

A))*$=;$3*)%$B, 80/,%&2&'/ 566*/+22&*,1% )3 8@$3$:

D.,&2+$4 $& (A+)T *2@'0/2< /$F3,&%,))3, $%,+$%& &,3?,+'%&(

A = AT

A = (AA+A)T

A = A(A+)TA.

"$,3$ &,3?,+'%(

A+ = A+AA+

(A+)T = (A+AA+)T

(A+)T = (A+)TA(A+)T



 ! ! "##$%&'(& PX )"#*+(,*  !

"#$%&'(& )*'+*%,-. -&&%. '.$/&'(&-)0

(A+A)T = A+A

A(A+)T = ((A+A)T )T

A(A+)T = (A(A+)T )T

/& '.$/&'(& )*'+*%,-. -&&%. -&%&$ 1**-*$ 2#$%&'(&-)0

(AA+)T = AA+

(A+)TA = ((AA+)T )T

(A+)TA = ((A+)TA)T

",'& -3%%..)4*$*-. %&&)4*2-* 5'6*).2- XTX7 8##4.9:.'4#-.;* <==4(9

%&&)4*2- #' -3%%..)4*$*'.> -**- #' 2& %&&)4*2- X(XTX)+XT
-3%%..)4*$*'.?

",'& &+& %&&)4*2- PX .* -@$), 3$(*-)&),( <==4(%&&)4*2-* 1&$*2,-) 5A.#4..%

B?B7> -**- /64.$*2,$) <.&C PX #$.%& -3%%..)4*$*'. %*-)&D.- <==4(%&&)4*2-*

(XTX)− 1&$*2, 2#44&$?

�

8&&)4*2-* X 5(*%.'-*##'*(.+& n × p7 1..4+,(. <##$) %##(,-)&)&1 1.29

)#44,,% 5*'+$*-. 2?  !"#$% &'( )7 C(X) #' (.E'..4*),( /64+%*-.$)0

C(X) = {θ : θ = Xβ,β ∈ Rp}.

 !"#!!$ %&' *#+ C(X) = C(A), &++& PX = PA-

A@.-),-0

",* C(X) ⊆ C(A)> -**- $.*(,C -.$$*'. %&&)4*2- M> .) X = AM 5C(X)
C&&-*1.2)#4*( -&&C .-*)&(& C(A) C&&-*1.2)#4*). 2&,(,7? F&%,)* C(A) ⊆ C(X)⇒
∃K,A = XK?

G.'(.-) 2&D.-) /64.$(,-.-) -&&%.> .)

X = XKM. 5B?H7

PA = A(ATA)−AT

= XK(KTXTXK)−KTXT



 !  !"#$%% &' ()*!+,  "-"(!!#-,#! .,/*"(,/!

"##$%&'#( #) '**)+,-. K(KTXTXK)−KT
/$ '**)+,-., XTX 01#-.

02%,.)*)&% 344+%'**)+,-.,-.5

XTXK(KTXTXK)−KTXTX = XTPXKX

(2.8)
= XTPXKXKM

()#/+##' 2.1)
= XTXKM

(2.8)
= XTX.

6##7* /2#'# $8,%*$&%( #) PA = PX9

�

",,'*),):#.)*)&% )#/+##', )81#$%&. ;88+,< ;#,%, 2*1),':)#.)*',.)9 =,>

'#2) ;:,'# 2,.*%* /'* '&%#2,2# ?'&%#2, '**)+,-.,7* X@ &&., )&$$&.#,% A*

.**%* &&# '&%#2, '**)+,-., A9 B&, 2,.*)&% )&$$&.#% /$ ;*+#' '&%#2,. /2$&%

)&$$&.)# 2,$#**+-/'<,$*).,//$,%( .,,. .#22,$# C'&%#2, )8,#$%*',$#D #, '&&>

%* ;**)2&.;#-)/+,2# y '&%#2, 3//2) *$)&% 3+/7$//.# ŷ( -&$* C(X) = C(A)9
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