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"#$%& '%%()*+( (#,(-$.% $- "#$%& /01 2/),%.(3& 0+4,+56-,( 1+7%8%,6%9

'%%()*+,-:

;34# -,(#* t .<3(#'-(#( .-'- =->#?#.%4- ,)8'--3>-)(#.%4- >#=#.3+$@

$# .##8#.(A Yi ∼ N(µ;σ2): B+.-$. %%3*-'%A %( ), )3%'-. ,%+.( t ?--(3#.%.(

.<3(#'-(# =+,,-,4 *+.C%8.+)),+3% 2S2
9D

df · S2

σ2
∼ χ2

df ; S2⊥Yi.

"#$%&E( =#?+(-.A $#+ $-#4%3% (%+,%(%+.%.( ?<+?-* F$.+$?--(3#.%* .-((#*- 2'<<@

*%(#,- .(-,*-8*=G3H% F=+$#(%.9: "- $+8>%3*-. G8- >#=#.3+$# .##8#.%

Q :=
maxYi −minYi

S
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P(studenti haare>4.1)=0.025 

1−ptukey(4.1, nmeans=3, df=18)

I#+*-. 0(#*%,(+ =--8*%>-)(#.( $-.#(-*-Q 0))?+'% ,G+(%$. ?<88%3*- $)3@

'% C)C#3-(.+)),+ $%.$?GG8(#.%+*: R4-.( C)C#3-(.+)),+.( )34# '%+3 (%=(#* S



 !  !"#$%% &' ()#(!*! +,-./0*! (!!#1.).

"##$%&'$( )*%+#,*- *$ &&./$#"# $&00&'* 1#2&"&' 30 45/6/' 737&%#$'/330/+*'

'#,#'&6&0*- σ2
( 8#%/,/4*'4,/'$* 2#3$&' 30 '*%%/'*% 2&1&% 03.,##%2#3$&' 9":;

1*,#%$ %/6/4#&+'*%$<-

Y i. ∼ N(µi;σ
2/7).

=#,&$/ 30 ,*/* 4:'&$&'*' "#%/,/4*'4,/'$*'$ '5%$&,#$& 1/00#06 "##$%&'$*

+/'7*.'/330/%*- >=) 9"#?#+&'#'$,*$* #."&6# n− p = n− .#04(X) = 7 · 3−
3 = 18<- 2# "#%/,/4*'4,/'$* +/'7*.'/330/%* 9>=)@ <( A&1&%- 4&/ 4*'4"::.$&;

'*+ 3%*4'/+ 45/6/' &&./$#"#$*' 737&%#$'/330/+*' '#,#+- 3%*4' "#%/,/4*'4,/'$*

,#4'/,##%0* *./0*"&' 2#6#$&+

√

MSE/7;6# 2:.*%/4&%$ =$&+*0$/ 1##.+*2#3;

$&'*6# 2&1&'%/4 '&&.&'(

B%6& 43%,* "#%/,/ 4*'4,/'*+ 2:.6,/'*+C Y 1. = 14,2;Y 2. = 6;Y 3. = 6,2(
D/14*$# 1/00#06 2::4/+* +/'7*.'/330/%* 3%6& >=)EFG( =$&+*0$/ 1##.* 30 '**;

6# (14,2 − 6)/
√

MSE/7 = 4,1 H&0# '$#0+#.+/'**./$&+ *./0*"&' 4*'4,/'$*

"#1*% 30 ":6# '&&. I '*+#"5.+ '&&.$ "5/ "**% '&&.*,#$ ,#4'/,##%'*$ *./;

0*"&'$ 43%,* "#%/,/ 4*'4,/'$* "#1*% 0:*4'/,* 0&%%1J73$**'/ 4*1$/+*' 94*'4;

"::.$&'*+ 73%* *./0*"#+< 45/6*'$ $5*0:3'&'*6# !-!FK 9"##$# 2330/'$ L(F<- '//'

%3*,* *'/,*'* 2# $*/'* 737&%#$'/330/ 4*'4"::.$&'*+ $5*'$#$#"#%$ *./0*"#4'(

85..*%+*' M( 2# N( 737&%#$'/330/ '##,* =$&+*0$/ 1##.+*4' O I '*+#"5.+ '&&.

,#4'/,##%0* "5/,#%/4 *./0*"&' 4*'4,/'$* "#1*% *'/0*4' 0&%%1J73$**'/ 4*1$/;

+*' 45/6*'$ $5*0:3'&'*6# !-!FG I '**6# '##,* 4# M( 2# N( 737&%#$'/330/

4*'4"::.$&'*+ *./0*"#$*4' %&6*+#( >:.4&'C PQ/' '##? =$&+*0$/ 1##.+*2#3$&'*

4"#0$//%* 2# 2#3$&'R&04$'/330/ "::.$&'$ %*/+# R&04$'/330/+*  !"#$% 2# &!"#$%

#?/%(

S.33"/,* *'/$#$&+ #.&$%&'4:/6& 4/.2# 7#00# "*/+/ J%+/'*,#% 4&2&%( B%*$#;

,*- *$ /6#% R#4$3./ $#'*,*% 90:/$*4' /6#' ,##4300#'< 30 $*1$&+ k "##$%&'$-

&&./$#"#% R#4$3./% 3%/ 4344& t *./0*"#$ $#'*$ 9t *./0*"#$ ,##430+#<( H&0#

"##$%&'*/+ 30 /6#% R#4$3./ $#'*,*% $*1$&+ '#,# #."- '//' 30 4# 45/6/ 6.&77/+*

4*'4,/'*+ '#,# +/'7*.'/330/6#- σ2/k( A:.*%/4&%$

maxi Y i. −minj Y j.
√

MSE/k
∼ Q(t; k · t− t).

H&0# maxi Y i. −minj Y j. ≥ |Y i. − Y j.| ∀i, j '//'

P





⋂

i,j

{

|Y i. − Y j.|
√

MSE/k
≤ Q1−α;t;k·t−t

}



 = 1− α.

4&'Q1−α;t;k·t−t $:1/'$#? 7#.#,**$./$*6# t 2# k·t−t =$&+*0$/ 1##.+*2#3$&'* 1−
α;4"#0$//%/( 8#?#+&'#'$,*$* #." k ·t−t 30 #0$&+ 0:/$*' +/'7*.'/330/1/00#06&

9>=)< "#?#+&'##'$,*$* #." 9,*/% *0#,#'$/ "#.*, *'/$#$&+ 4&/ n− p<(



 !"! #$%&' (&&#)*  !

"##$% &'( )*#+# i. ,% j. $-'.( &#/&011-2'/#3 #-(4#0%2#&/5 &'(

|Y i. − Y j.| >
√

MSE/k ·Q1−α;t;n−p,

/((/ 06(+# *))% &(43)%35 #2 78)((&( 0($% #( 2#92% &6($( 06-3)'/2# .#%)# &*&&'

/''-#+% 26#41*/'/#$% &'( α:
;''/#%/5 F 82#/2( ,1-$( 0%,%3'/ .''3'<= +# 06(+# 2#9% *2/# &6($( $-'.8

.(3# *+%0%9#)(/#3 06-3)'/#3 >'&#? +##2*3(): "%%+# *))% &(43)%35 #2 &6($(

*)')(/#&/ )*#2'3 2')#+'/2# .#%)# &*&&' +# #( 2## 78)((&( 0($% /''-#+% 26#8

41*/'/#$% &'( α: @'( )#(%+# #-(4#0'/# A 2*-#: @'( #( )#(% #-(4#0'/2 A 4*

/((/ .*)# +(3%$( 2#9%: >6#/2%2%0%(3 #-(4#0'/( /((/ )(92/%)2 .*)#: B$% +())#&/

+#()# /((/ 0##) C82#/2D E9& >'&#? +##2*3 .%&'< %90%2)#0%2 %)2#-4%2((0( F 8

2#/2()# A 2#+% ##)(/#&/ *4 /##5 #2 &'++'2%3#/ 4'))9F.*2##/( *4 &*9# &%

06(+%)(& G#)3%5 +())(/#3 &#/&011-2'/#3 /((/ .*)# 06-3/#3 H#-(4#0%)2 F 82#/2(/25

+(/ .((-3'< +1-&/% #<%+11-%/#+% 2')#+'/#$%= )#(3'< 2#(4#2#(/#/2 #-(4#0%(3

&#/&011-2'/#(3I:

J%-%&' ##)3%< >'&#? +##2*3 *+% %)$/#) &',')5 #2 ($%) K%&2*-( 2%/#+#)

*4 2#92'3 /%+% %-0 +662+(/( H0%)(+ .#%< *)#+% 2%/%&%%)'/2%2'35  !"!#$%&

'!()"%I:

L9#&/ 2%/%&%%)')(/# %43+#/2(&' 46'#2 )##0#43%0%&/ +##2*3(&/ *4 >'&#?8

@-%+#-M( +##2*3: ;6(/2+%&/ /#3%5 &'(3%/ >'&#? +##2*3(2 /%%&/ &%/'2%3%

&% +(22#2%/%&%%)')(/2# %43+#/2(&# &*--%)5 &(-,'2%+# >'&#? +##2*3( .69(01(2#

0#(3( 2#(/#)# &',')#=

P





⋂

i,j

{

|Y i. − Y j.| ≤
√

σ̂2/k ·Q1−α;t;n−p

}



 = 1− α

P





⋂

i,j

{

|Y i. − Y j.| ≤
√

2 · σ̂2/k ·Q1−α;t;n−p/
√
2
}



 = 1− α

P





⋂

i,j

{

|Y i. − Y j.| ≤
√

D̂(Y i. − Y j.) ·Q1−α;t;n−p/
√
2

}



 = 1− α

B$% /''-'/2 D̂(Y i.−Y j.) */&%+# ,' &#-$#/2( %-0'2%3% &% /((/5 &'( 0%)(+(2#

/''-'/#3 .*)# /%+%/''-#3= D̂(Y i. − Y j.) = σ̂2/ni + σ̂2/nj : >'&#?8@-%+#-M(

+##2*3( .'9') )*#2%&/#$( i: ,% j: $-'.( &#/&011-2'/#3 /2%2(/2()(/#)2 *)')(/#)2

#-(4#0%2#&/5 &'(

Y i. − Y j. >
√

σ̂2(1/ni + 1/nj) ·Q1−α;t;n−p/
√
2.
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"#$%&'()*+%),- +%%./0 /1 2##)%2.- %3*.%*0#24-$ +%%./05 *6* .77.*3

8)*$.-$*2 9:2.-; <%44% +%%./0- *3-6* 2**0#0 .%2.-0 =>- #2*40#2-1.%)=*44-0 =>-=*0

/44* 4--6* $/12%)=*.--=2%05 $#- %)- 6)#88-0%2 /1 +>>0%.#0 $?+1%-0 $/)0- %)-'

1%= *)= =**.4#2%-05 *6* *1.#0 +%%./0 %- .%% $#1*6- @'4--$- =-6* 2##)%+* .>%'

1:/2#2%6* $#- 4#3*.#0 A=. B*&.%)5 CDEFG; <%%6* $#- "#$%&'()*+%)- +%%./0-

*3-4 >11%2.#3 .>%2.*0* $%2$=::).#2.% %)-1%=#25 2--2 =>-+% /44* $-104*05 %. +%

8/4% .%-1#0 @'4--$- =-6* 2##)%+* .>%1:/2#2%6* $#- 4#3*2-+%;

(#- 2##) 2%% 4--61% $/12%)=*.--=2#2 2--2 /1H (#- =>)04%+% $/4+% 6)#8-

$%2$=::).#2%-05 n1 = 100, n2 = 10, n3 = 10 A%9$ 6)#88-0% 2##)#2%0 %)-1%=*0

CI $/)0*G5 J* $*2#.*+% /4#4-2#2% 1-=//0 α = 0,055 2--2 1#449?8/.%%2- $%9.-0%2
A$>-$ $%2$=::).#2%0 /1 .%6%4-$#4. =>)02%0G /1 "#$%&'()*+%)- +%%./0- .%6%4-$

@'4--$- =%* .%6%+-2% .>%1:/2#2 I5IFE; K9$$- .#4%+#2 /1 =:-$2%+ $#- I5IL /1

%)-1%=#2 2--2$- =:6* =:-$% J* %1*+*2.- 8)*$.-$*2 -61/)%%)-.*=;

 !" #$%&'&((%&')$*') t+,-.%/*') 0-*''1/2-3 %'*%$3

"#$%& +%%./0 /1 .:81% .*2*$**4#4-2% *10+%2.-$# $/))*4; M-..%.*2*$**4#4-2%

*10+%2.-$# =>- $%%)#$*+*.% 9?8/.%%2-0% $/))*4 .#4%3 9%* 4*9%10#2% 4%-0'

+-2%$2 /.2-0* ##02%. 4:9%1%+-2=--2-; N4#2.*+% /+* /.2-16#-0 ?9% 4-9.2* 1:-'

.%6*;

O**.*+% $*9% .*2%+%6* P*$.)/.#11#2. 2-2*40*=*. 0-28%)2-//1*1*4??2- +#'

0%4-.Q

Yij = µi + εij ; i = 1,2; j = 1, . . . , n,

%9$ Y = Xβ + ε, $#2 βT = (µ1;µ2); (%2$+-2.% =*9% /4%$2 2%44-2%2 +#0%'

4-2 λT β̂, $#2 λT = (1;−1); R#9#4 $#- $%2$=::).#2%0 %- %)-1% ?$2.%-2%2.5 2--2

λTβ = 0; <%44-2%4 %)-J#9#4 =>-+% "#$%& =:-.% $-)J* 8*11* J:)6+-2%4 $#J#4Q

.>%1:/2#2%6* 1 − α J::3 =*4-+-$%2$+-2.% %)-1%=#2 A1#449?8/.%%2- $%9.-0%2 '

$%2$=::).#2%0 %- %)-1%G =*9%+-$$#

−Q1−α;2;2n−2 ≤ λT β̂√
MSE/n

≤ Q1−α;2;2n−2

−Q1−α;2;2n−2 ≤ λT β̂−λT β
√

̂D(λT β̂)/
√
2

≤ Q1−α;2;2n−2

−Q1−α;2;2n−2/
√
2 ≤ λT β̂−λT β

√

̂D(λT β̂)

≤ Q1−α;2;2n−2/
√
2.

(#1* 1#449?8/.%%2- $%9.-0%2 /1 =>))*.#2% $%2$+-1% /2* .'J*/.#2%6*5 2**'

+% 2--. ?9% 2%/2% <.#0%1.- 9**)0%J*/.#2% J* t'J*/.#2% $=*1.--4-0% $/9.*QQ1−α;2;df/
√
2 =

t1−α/2;df ; S*1%+% .:9%4%5 %. ! =*4-+- $/))*4 /1 t'J*/.#2%4 3*2%%)#= 9?8/.%%2-0%



 !"! #$%#&#''%#&($)&( T *+,-%.)&( /,)&&0.1,2 %&)%$2  !

"#$%&#''()($* )+&",- )./-0-) 01&&*'2*, 3."*4 5--&2*6-#%.,* "-,.%-)(,*/-

7 8#'* 8((&-$/.(2 0-'()()-5.'*9 '.:-%.2 #$ "**&."-)-2 5;8#%**,(2 <)* *(

8*- 8((&2.)- 0-(2 "-5* /&.8( "*,"0++&%.,%* 01&2'*)(,*/-9 0-(2 01()* ";,(=

2- "- "**&."-)-(2 ";,().,(>? 3-"(,%.,*", #$ 0-(2 -,6-#'.9 *% )* 6.,%$-/.

*( ,--", ";,(2- ,-)--*/,*'% &#5"*) ".( ;5%* ";,().,% 7 ,--)* "#&&-/-

%*#,%-2- 0-(2 ;5* "*,"0++&%.,%* 01&2'.,*?

@.(2-, ,..2-",()* t=%*,%( -''- )-5.%-2- $+(%*", "#')* "*,"0++&%.,* ,-=

)--*/,*2 01&2'.,*2A B88( %.'*: 01%%- )(%)*)11%)*'($* t=6-#%.,?
C*D$**&()* *,)-'% )(%)*)11%)*'(,* t=6-#%.,*?
E'/. y d=)11%)*'(,* $#&)--'6-#%.,*/- 6.5.,'(" ,..&.,9 y ∼ Nd(0;Σ)?

E'/. -$%.2 "- 0*"%#&(,% y ,1'%.)-%. 5((=&..% 6-#%.,*/- 6.5.,'(" ,..&., Z ∼
χ2
df ?

F((, x := y√
Z/df

#$ d=)11%)*'(,* t=6-#%.,*/- <0-:-2.,-,%)*%* -&0./- df

6- "#0-&(-%,(##$()--%&(",(/- Σ> 6.5.,'(" ,..&.,9

x ∼ td(df ;Σ).

C*D$**&()* 5;8*&"..:( )(''* ";'6* 8("".,*", #$ 2cG

hkuup(c) := {x = (x1; . . . ;xd)
T | − c ≤ xi ≤ c}.

H+&/$*0-'% 0-'()* "#$,%-$2( c 0++&%.,* ,*''(,*'%9 *% )(%)*)11%)*'(,* t=
6-#%.,*/- 6?,? x ∼ td(df ;Σ) ,-%.", 5;8*&"..8( %1*$+#,.,*/- 1− αG

P (x ∈ hkuup(c)) = 1− α.

I+(%*", ;5*)11%)*'(,* <F%.2*$%(> t=6-#%.,* "#&&-' &-5.'2-: ;'-'%##2.2 %($=

/().,% 0-'(" c = t1−α/2;df ? J'26.5.' 01()* "-,.%-2- "#$,%-$2( c '*(2)(,*",

)1$2- -&0.%(8&#/&-))( 7 $+(%*", K=(, ,--: ,##0(%.2 "#$,%-$%* '*(2- '(,-=

)##2.'(,  !"#$% 8-("$*0- L.$"%,(##$( & !" -:('?

@.(2-, "-,.%-2- )(%)*)11%)*'(,% t=6-#%.,% 6- '*(%.2 "#$,%-$%( c)(%)*,*

%*,%()(,* 8&#:'**)( '-5*$2-)(,*'A

E'/. -$%.2 5($$-%-0-2 8-&-)**%&(%* '($*--&"#):($-%,(##$(2 λT
1 β; . . . ;λ

T
k β.

F##0()* '*(2- $*('* '($*--&"#):($-%,(##$(2*'* ;5(,*(2 .,-'2.,0-5*)(""* 7

,*''(,*(2 0-5*)(""*9 )(''*,,* "1(/( $*$2* '($*--&"#):($-%,(##$(2* %*/*'(".2

0++&%.,*2 6++0-2 %1*$+#,.,*/- 1− α?
M##2.,%-)* '($*--&"#):($-%,(##$(2*,% )--%&(",(Λ = (λ1| . . . |λk)? M+&=

"-)*9 *%

ΛT
(

β̂ − β
)

∼ N(0;σ2ΛT (XTX)−Λ).

H+&/$*0-'% "#&&.%-)* 0*"%#&( ΛT (β̂ − β) '+:( 2(-/#$--')--%&(",(/- M

)(''* 2(-/#$--'(' #$ ,..&.,*2

1√
C(λT

i
β̂)
G



 !  !"#$%% &' ()#(!*! +,-./0*! (!!#1.).

M =









1√
λT

1
(XTX)−λ1σ2

. . . 0

"

"

"

"

"

"

"

"

"

0 . . . 1√
λT

k
(XTX)−λkσ2









.

#$ %&'()* MΛT (β̂−β) )+ k,-..(-&/01& +)*-$$/2$)(31&4$ 23531/0' 133*316

MΛT (β̂ − β) ∼ N
(

0;M7(ΛT β̂)MT
)

,

2$ 1)808 -0(-&-..(-&/01& t,2$)(31& 9&:+0(10))+01 %&'()*0 y *)//0 ;-331&$16

)1$9 -0(-&-..(-&/01& t,2$)(31& 9&:+0(10))+09 +.3$%$96 &( 23531/0'3 %&'()*0

y ')%$*0$(10))+0-$$(*0'10Σ 90$4)+$$/0/ )/&'109 <5&9" =+(39 %&'()* *$53/9$8

'$ 1&9$ +.3&(6 '.040 &/&-&+(09& 901>&*10))+09 )+ %.*91&9 <5&4$?"

@3531/0'3 133*31& Z )1$11& 1)808 $4$ 133*&>A*$1&/( 23531/0' 133*31 (n−
p)MSE/σ2 ∼ χ2

df=n−p6 '31 p = *$+'(X)" B&&4$ )+ 9&:+0(10))+0 ')5$1&/(

MΛT (β̂ − β)/
√

MSE/σ2 ∼ tk(n− p;M7(ΛT β̂)MT ).

#)+1(*3&&*0(39 k,-..(-&/01& t,2$)(31&4$ %&'()*0 i" &/&-&+(

λT
i

(

β̂ − β
)

√

λT
i (X

TX)−λiMSE
,

&0 1./(3 (3+9-$(31( >$*$-&&(*01( σ ;'<// $4$ )+ (3+9-$(3 >$*$-&&(*0 β

C3+'(10))+?"

B$-3(0 %.0-& %&&+939$6 &( ')%$*0$(10))+0-$$(*0'1 M7(ΛT β̂)MT
&0 10,

1$/9$ (3+9-$(309 >$*$-&&(*&09 D 1&1( σ2
&10+&8 +00 -$$(*0'101 7(ΛT β̂) =

σ2ΛT (XTX)−λT
'30 '$ -$$(*0'101 M 2$ ($$+938 %A/2$"

B$$939 (3/&-31( 1$$-& '$13($9$ <501(& 31$/931%$5&-0'& ')+1(*3&&*0,

-01&'1" #3+$

P

(

MΛT (β̂ − β)
√

MSE/σ2
∈ hkuup(c)

)

= 1− α

1001 2A*&/0'3/(
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P





⋂

i=1,...,k







−c ≤ λT
i β̂ − λT

i β
√

λT
i (X

TX)−λiMSE
≤ c









 = 1− α

"#$%&

P





⋂

i=1,...,k

{

−λT
i β̂ − c ·

√

λT
i (X

TX)−λiMSE ≤ −λT
i β ≤

≤ −λT
i β̂ + c ·

√

λT
i (X

TX)−λiMSE

})

= 1− α

P





⋂

i=1,...,k

{

λT
i β̂ + c ·

√

λT
i (X

TX)−λiMSE ≥ λT
i β ≥

≥ λT
i β̂ − c ·

√

λT
i (X

TX)−λiMSE

})

= 1− α

'(()*) +*,-.*/+ /((0 1(/*+()( 1( 2345+--/6)- .6+.-/- +-/+6.6/- 7**8-/$
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