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H0 : λTβ(= vTXβ) = 0

3(%!#(%"&$ 2(1$& 42((#( -$(#,33" 56 t'%#(#"%#"3!#

t =
λT β̂√
̂

7

(
λT β̂

)

=
vTPXy√

MSEvTPXv

H0∼ t
df=n−1(03(X).

8(&(% .0 *"%(3"#%$09!% vTXβ = 0 2((9$*9(2 3!" 0/!$: $# 2((#*!%2$3#.1 $"
#.+" -("30$9( 2()(*# 2$3#.11!!&"% C(X): 2("9 -$() -("30$&( 2$3#.11!!&"
C(X) &"0;"% 3"09*(% (*(&1!!&"%< 8$**"%$3% (*(&1!!&"3% .0 0="#$3% &!9$*"'
&((#1"3%"

X0 := (I−PPXv)X 4><?6
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"##$%&'# ())*+ ,))'&-+.+&' "#/+)$$&&, C(X0)0 12,#*+ C(X0) ⊆ C(X)3 -#-+

(I−PPXv)X = (I−PPXv)PXX

= (PX −PXv(vTPXv)−vTPX)X

= PX(I−PXv(vTPXv)−vTPX)X

= X(XTX)−XT (I−PPXv)X

= XM

4. /&2 λTβ(= vTXβ) = 0 -22- /. 5y ∈ C(X0)6

5y = Xβ

= PPXvXβ + (I−PPXv)Xβ

= (I−PPXv)Xβ ∈ C(X0)

-#-+

PPXvXβ = PXv
(
vTPXPXv

)−
vTPXXβ

= PXv
(
vTPXPXv

)−
vTXβ

= 0,

/&7. ##*'&-# /)8.-#*+ vTXβ = 00

9#*%&:3 #+ ()*# ".8#+3 /.- +#-+2,# 8;()+##-2 H0 : λTβ = 0 /.8#())*-#

t<+#-+2 .:2* "=2 "=$'*#,# ><+#-+2 .:2* ,&'#*#2' ,&'#*2,..+$2/-2+#%. X 4. X0

?X0 )7 '#@7##$2+&' ".*#,2%.  0AB0 C##7'&,# -#**#-6

t2 =
yTPXvvTPXy

MSEvTPXv

=
yTPXv(vTPXv)−vTPXy

MSE
.

D2$4&+.,# "E*4. /. ,&'#*2+# "=$'*#,2-#/- ,=#*'&' F <-+.+2-+2/&0 F.7#,# #-<

,.*+ +E8#*#3 #+

PX0
= (I−PPXv)X

(
((I−PPXv)X)T (I−PPXv)X

)−
((I−PPXv)X)T
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F =
yT (PX −PX0

)y/1

MSE

= yT (PX − (I−PPXv)X · . . .)y/MSE

= yT (PX −PX(I−PPXv)X · . . .)y/MSE

= yT (PX −PX(I−PPXv)(I−PPXv)X · . . .)y/MSE

= yT
(
PX −X(XTX)−XT (I−PXv)PX0

)
y/MSE

= yT
(
PX −X(XTX)−XT

0 PX0
)
)
y/MSE

= yT
(
PX −X(XTX)−XT (I−PPXv)

)
y/MSE

= yT (PX −PX(I−PPXv))y/MSE

= yT (PX (I− I+PPXv))y/MSE

= yT (PXPPXv)y/MSE

= yTPX

(
PXv

(
vTPXv

)−
vTPX

)
y/MSE

= yTPXv
(
vTPXv

)−
vTPXy/MSE

= t2
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9##0#1% 125%.40 y = Xβ + ε3 *2$ X = (X0|X1)3 β
T = (βT

0 |β
T
1 )8 :%$041%3

*#$ .4+0$#1 125%. y = X0β0 + ε0 -( $#1# +%# *24 *%%62*#18 :%%1% 0%$043

*-(06-..41%3 *#$

yT (PX −PX0
)y/(p− p0)

MSE
∼ Fp−p0;n−p,

*2$ p := 6#(*(X) "# p0 := 6#(*(X0)8
;24 0%-$0#025 0%$0 .<**#) <1)%6 (2..+<,-0%%$43 *%6*4) %$4.% *<$412$= >4./

.%$ 4**#&4 $%4$(%) %64(%72$? >4..4$%5 @#*0-64 (47--5 -( 0%4(%0%4$%$0 %64(%7#5?

>4..4$%5 7#45 ,#6#1%%0%67%*0-640 β1/0% ,22520#7#5 +4((#0#7#5 .4(%##6*-1/

)4(#0$4--(45 A*-(06#$045B λTβ -( (2..4$0 %64(%7#5?

9441#(% 7C45% 7#"#) 7%454 0C,$2$02$0#14$0= *2(# ,22520#) +4((#0#7 ,#/

6#1%%0%6@2(*0$4--( λTβ #4(2.0 ,#6#1%%0%67%*0-64 -$# β1/0%? '44$3 *24 λ
Tβ =

vTXβ = vTX0β0 + vTX1β1 = vTX1β1 %+* *24 vTX0 = 08 D.0%6(#0447$%.0

*46"# ,#(52.0= PXv ⊂ C(PX − PX0) A$%$0 *24 vTX0 = 0 $44$ *# PX0v = 0
"# (PX −PX0)v = PXvB8
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"##$%&'(%&) *+'$, ,-'.,*/'0 1/-/$,,),-*,()#-') β1 1%%0%)/*/'0 &'.,//-2

(#$3'./)4'##., λT
1 β,λ

T
2 β, . . . ),4)'0/ (/ #&%&'4%4, .'*##& α )/*/&'4), t2),4)'0,

/3'& 5./6% ),6'$, 4,0/ 1,/)7('4 89: (%'0 4,&&'4,& ;%<%& *+'(4'$, (+'6' ),<)%0

),4)'0, 1,/&, (#((% ),</ =2&''(' *'6/ $>-(4/ 4%%-,$/ )+,.>#4%4,6/ (%' α? @%'

/6/ 4##*'$,: ,) (+'($+,&0/*/), 1/-/$,,),-*,()#-') β1 1%%0%)/*/), <'../2

)/*/), &'.,//-(#$3'./)4'##.'0, ),4)'$'4,& ,' ),<)/(4 =2&''(' *'6/ (+'6' ),4)'0,

1,/&, (#((% 4%%-,$/ )+,.>#4%4,6/ (%' α: 4''4 *+'(4'$, ),4)'$'4,(4 (/4%)/0/

AB<,CD $,,)#0')?

AB<,CD $,,)#0' (#--/& (%$$%)/$, .%&&<71#),,4' H0 : λ
T
i β = 0 4''4: (%'

β̂
T
λiλi

T β̂/(p− p0)

MSEλT
i (X

TX)−λi

> f1−α;p−p0;n−p.

E+-0&%4,(4F

(%' 4##*'(4'$, ),4)'0/ */'0 7<), <71#),,4': 4''4 )24)/)'4)'(%) (/4%)/0,4

5)24)/)'4)'(% -%%)% (/4%)/0,49 ;+%/(4'$, ;>-6$'4, #)4%4)%4,,4('-;/.'F

β̂
T
λiλ

T
i β̂

MSEλT
i (X

TX)−λi

> f1−α;1;n−p.

@%' /6/ (/4%)/(4'$, G2),4)' *+-0&,$/(4 $%0,&,'0 $%0,&'$//)-'(4'),6/

X ;/ X0 4''4 *+)/(4'$, */4)% /&),-./)''*4, <71#),,4' 51/-/$,,),-*,()#-' #4/

β1 #. 4''4(' */;/9 4''4: (%'

yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p.

H>-6.,* ),#-,,$ )+,4)/3: ,) (%' $%0,&'), *+-0&,$'4,(4 $+,&0%0 F 2),4)

*+)/3 */4)% /&),-./)''*4, <71#),,4': 4''4 &,'0%3 (/ 4,&&'., */'0 1/-/$,,),-*,(2

)#-') β1 1%%0%)/* <'../)/* &'.,//-(#$3'./)4'##. λTβ $'&&, 1%<%& AB<,CD

$,,)#0 (%$$%)/3 .%&<71#),,4' H0 : λTβ = 0? A/$%)' (,<)'3 */4)%1'0'2

., *>'0, I (%' AB<,CD $,,)#0' /3'& +..,4)%3 $'.6' 1/-/$,,),-*,()#-') β1

1%%0%)/*/ <'../)/*/ &'.,//-(#$3'./)4'##.' ;/#(4 .%&&<71#),,4 (%$$%)/0/:

4''4 1,/3 (/ F 2),4) .%&&<71#),,4' (%$$%)/$/ ;/ -'((/$/ $%0,&' (/4%(4 #)2

4%4)/$/?
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yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p 5 ?!9

⇔

∃v,vTX0 = 0,

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTX(XTX)−XTv
> f1−α;p−p0;n−p. 5 ?89
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"#$%&+,+-%. $& -$/&(0 12()$

a > b⇔ ∃x, f(x) > c

1#(,$ 32()+&+. $&

4* a > b⇒ ∃x, f(x) > c

5* a ≤ b⇒ $( 6$()' %$66(%& 1$-&78(& x. ,(% 8+/'6)+-% 3#'$& f(x) > c
$/-

a ≤ b⇒ ∀x, f(x) ≤ c*

"#$%&'% 94:* ;2(&+,$. $& -'( -$/&(0 9 *5:. %((% &#$<776$%& $-%(%&$$8(0 12=

/$,+6& >-% 1$-&78 v. 3(( $& -$/&(0 -+ 1#88+&'% 9 *!:* ?$$3)',$. $& >/$-%

1#88+&'%& 8+/'6)+1+-% 1$-&78(-% 73 1$-&78

v := (PX −PX0
)y.

@+3$,$ &2/$6$. $& vTX0 = 0 9%$%& X0 ⊆ C(X) A+ %$$B+ -+ PXX0 = X0:*

C3 6(/&3$ 1$$3)')+. $& λTβ := vTXβ = vTX0β0+vTX1β1 73 /(33+&+1

A+ %#6&'0 1+() <+8+,$$&$81$-&78(% β1 +%'1+&$%& &'3),+&'&$%& <+8+,$$&8(&$%&*

@+(B'&+)$% 1+6(&') v 1228&'%$ 1#88+&'%%$  *! A+ +81$%&+)$%. $& PX(PX −
PX0

) = PX −PX0
. %++,$

β̂
T
XT (PX −PX0

)yyT (PX −PX0
)Xβ̂/(p− p0)

MSE · yT (PX −PX0
)PX(PX −PX0

)y
> f1−α;p−p0;n−p

yTPX(PX −PX0
)yyT (PX −PX0

)PXy/(p− p0)

MSE · yT (PX −PX0
)(PX −PX0

)y
> f1−α;p−p0;n−p.

yT (PX −PX0
)yyT (PX −PX0

)y/(p− p0)

MSE · yT (PX −PX0
)y

> f1−α;p−p0;n−p.

yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p.

?((,+3$ +1+6)(% 73 +B+ &#$3$ &$/&') $$6)'%$ 9 *5: -7/+%$6&*

;>>) 1#&+,$ $&&$ &#$%&'%$ &$(%$ <776$ 95: A+ 32(&+,$. $&

yT (PX −PX0
)y/(p− p0)

MSE
≤ f1−α;p−p0;n−p

⇒

∀v,vTX0 = 0 :

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTX(XTX)−XTv
≤ f1−α;p−p0;n−p.
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β̂
T
XTvvTXβ̂/(p− p0)

vTX(XTX)−XTv
=

= β̂
T
XTv(vTPXv)−vTXβ̂/(p− p0)

= yTPXv((PXv)T (PXv))−(PXv)Ty/(p− p0)

= yTPPXv
y/(p− p0)

-.#PPXv /$ /0)/./$##($% 10/2%3)/0 4+%&55)&%(6''% #(#&077&6 C(PXv),
&6' /$ /&#3/08# 077&6 C(PX−PX0

) #(#&077&, C(PXv) ⊆ C(PX−PX0
)9

:%((%' ;%%$87&6'%3' &*03#, %) PPXv = (PX −PX0
)PPXv 2# 2*0%(637() /$

3563 PPXv ;%%078 %'6)#)#;#8 &##)063'6 PX − PX0
;%%0.78% (6$%##03/&<6=

$#)'6//$68% 3#7879

-.# ;#%'%&# &78%(6 >;*+%&#68 )7$$7'%68 3#'7)#;#? &78%(6 10/.$//'68%

077)78% '7&&# yTPPXvy /$ #.# #(#)6 ;*63'%& >;56 '#&#'770? 376 0633#&#

&78%(6 10/.$//'68% 077)78% '7&&# yT (PX −PX0
)y9

@#+%1#(#

@%%$87&%, %) ;#%'%&# &78%(6 10/.$//'68% 86'1%0'6//$ >;56 10/.$//'68% 077=

)78% '7&&#? /$ #(#)6 ;*63'%& >;56 '#&#'770? 376 0633#&# &78%(6 10/.$//=

'68% 86'1%0'6//$ >10/.$//'68% 077)78% '7&&#?9

A9 B(.7 &%6( &78%( X = (X0|X1)9 :66' PX = (PX −PX0
) +PX0

2#

yTPXy = yT (PX −PX0
)y + yTPX0

y

≥ yTPX0
y,

'%') &##)063' (PX−PX0
) /$ &6))%$%.#)66;'%() &**0#)78 >'%') )# /$ 10/2%3=

)/0?C

(PX −PX0
) · (PX −PX0

) = PX −PX0
−PX0

PX +PX0

= PX −PX0
,

'%')

PX0
PX = (PXPX0

)T

= PT
X0

= PX0
.



 !"! #$%&''( )&&*+,  !

"##$% &'()*%+% +,-#&' ./0$100*'-# /,,),-# *,++% 01 %&%)' *%+%*,,/ 23'

24'5*#+6 5,' 5##/,5%+% +,-#&' ./0$100*'-# /,,),-# *,++% 75% *''*6 5,'

+3&#+%- +,-#&'- 01 3'$#-89:

;: P(PX−PX0
) = PX −PX0

:

<%(#.%&% &3..:

"##$% yT (PX −PX0
)y ≥ yTPPXvy =% =4/#&'5,&)

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTPXv
≤

yT (PX −PX0
)y/(p− p0)

MSE

<''+%1# 01 %$% )#(),- ##&-,*# )3)), 24'5*#+ 5,' f1−α;p−p0;n−p:
�

>3#*)%),- )#0/##+'*) =4/#&-,?6 #) )3#140*,* )#(% @(# 23' #1%+% "A(#BC

+##)0-'& 501)/0&&')%2% (@.0)##*' .,(,& DE&''5' 2'$% #' 0&# *,,/#+ 5,' α: F,'

)#$#&'5,&) 5#()'? 1,&&(@.0)##* 714')#5* G%5)0/),11,* .0&# 0&,&'1#96 *''* F E)#*)

#5*'? =% 0)*,*)%? 5##/,5%+% +,-#&' 5%*,5* )3#140*,*#$% α6 )3#140*,*#$%
1 − α =44+# 1,&&(@.0)##*' =,,/-#: H$% =44-#* 1,&&(@.0)##*' =,,/-# =44+#

1,&&(@.0)##*' =,,/-# 5% 53'5'-# 2%'- *#-% G%5)0/),11,*) .,,-,)%2%)# ('11%E

)%2%)# .%/%+##)#/G,15)*'001'-# "A(#BC +##)0-'& )#*)'+'*#&:

IJ8 F01)/0&&'-#* 2%'- &3.&'55, %/2, (@.0)##*# "A(#BC +##)0-'& 01 )#$#E

&'5 DE&''5' 2#% )#$#+'*# )3#140*,* #1%+%*)' +4/5'+'*244/*#&) +%-%&%+ 5,' α6
#(5 *#&&'*#& =,(,& 01 )#$#+'*) @&#&''% 501*#/2%)''2*# +##)0-'$%:

I4'-#: <%%)%+# &'()*%) -'*.#/*'001%1%&@@*' +,-#&')K

ykj = µ+ αk + εkj ,

5,* k = 1,2,3,4 =% j = 1, . . . , N : "002'+# )#*)'-% =4/$+'*#'- (@.0)##*#K

α1 + α2 − α3 − α4 = 0 (λT
1 β = 0)

α1 − α2 + α3 − α4 = 0 (λT
2 β = 0)

α1 − α4 = 0 (λT
3 β = 0)

<%/'%1) LK F,' α1 = α2 = α3 = α4 *''* 53'5 )#*)')%2%- (@.0)##*'- 5#(E

)'2%-: "##$% 23'+# .@*)')%),- (@.0)##*'-# .%'5%.'-%2,*) "A(#BC +##)0-'&

501)/0&&'-% =4/$+'*)# )#*)'-# %?'&K

β̂
T
λiλ

T
i β̂/3

MSEλT
i (X

TX)−λi

> f1−α;3;4N−4.
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!"#$# %&#'()') *"(*# ())+(#'", +-# './+)+(#'", "* λ3 = (λ1 + λ2)/20
1""2) "(#*)%)$ %))$"3$-$ +43' 5674*""(# 3#()8&-$"#$ %)#$ %"+*4//--'# C(X)
+)5" /--'#'&&*'" +45*)0 1""2) %&#+(#'" +) %))$"3$-$ 5674*""(" +48*/439

3#$"( %&**) %)(*- )3*"/8)*##%(" 5674*""(# (##(, +-#:

β̂
T
λiλ

T
i β̂/2

MSEλT
i (X

TX)−λi

> f1−α;2;4N−4.

;) *)43#8" 4*(-(*-(+/#*""/#-' *)2)<, "* =93##+# %#2) +&#2# %))$"3$)%)*" 56749

*""(#$" 7")3" +4++- "# *"5*) (--/"') *&"8.4(-("2) +-# α0

 !"!# $%&'()%*++,+( -./012 30045(+'

144%#'" 3"#$) ()'))"2("#$ (1 − α) -()3$-(7##/" +&#2#3" 7)/)'""*"/%"+*4/#*

β19*" 7--$-*)%)#3" 5#88)*)%)#3" 3#8"))/+4'<#8)*(#448#$"3"0 >"#(#(&8- ?"3$"(

@ (44%#'" "* *&"8.4(-("2) (1 − α) 43"+(#$ &#2"$ A(#()3$)+(#$ *"2"3#++- 7)9

/)'""*/#*" 3#8"))/+4'<#8)*(#448# %../*-(*B +&#+ 3"#*-$ -()3$-(7##/#$0

1)'))"2("*" -()3$-(7##/#$" +48(*/-""/#'#("+( %))*)'" %"+*4/#* y∗ := y−
X1β10 !&#'" %"+*4/#* y∗ +.(#*3"$) +-# %))*3-(%"+*4/#* C) *"(*#$) D9*"(*# )<#3

'-$"3"#$ '-$"3#'))*/#+(#*"2) X C) X00 ;-8) %))*3-(%"+*4/# y∗ C)4+( (4<#<

+) 3#5*()' '-$"3, (##(

y∗
T (PX −PX0

)y∗/(p− p0)

MSE
∼ Fp−p0;n−p.

1""2)

P

(
y∗

T (PX −PX0
)y∗/(p− p0)

MSE
≤ f1−α

)
= 1− α,

+-( f1−α *.5#(*)< Fp−p0;n−p9C)4*-(" (1− α)9+%)8*##3#0

;)(-*)$"( *"4/""'#  0E C) *.5#(*)$"( β̂∗ = (XTX)−XTy∗ ())'", "*

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
β̂
T

∗ λλ
T β̂∗/(p− p0)

MSE λT (XTX)−λ
≤ f1−α

}
 = 1− α.

F./+)'", "*

λT β̂∗ = vTXβ̂∗

= vTPXy∗

= vTPXy − vTPXX1β1

= λT β̂ − λTβ
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P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ|2/(p− p0)

MSE λT (XTX)−λ
≤ f1−α

}
 = 1− α.

'(#$) *+),% -))./(# -)01$#1% #-&%23#-)$1% 1%)$%4(/$1% #2)-5

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ|2 ≤ (p− p0)

̂
6

(
λT β̂

)
f1−α

}
 = 1− α.

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ| ≤

√
(p− p0)

̂
6

(
λT β̂

)
f1−α

}
 = 1− α.

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
λT β̂ −

√
(p− p0)

̂
6

(
λT β̂

)
f1−α ≤

≤ λTβ ≤ λT β̂ +

√
(p− p0)

̂
6

(
λT β̂

)
f1−α

})
= 1− α.

7##(/( 1/-%,/$1 *+)2 .#$/1#(# 48)1%.$ 3%&3%$$)994).+*%3#-% /$#-(/$3)2#

.94$13/%%3),)$%.$: ;)3"%-(#&/ 48)1%.$ *##1-/$#4(,%)( "83&,)4% 3%&3%$$)994<

,/(%-5

yi = β0 + β1xi + β2xi
2 + ε.

'%-(#,%= %1 >#3#,%%13)1% 0)4(#,)$%.$ .#$/1#1#*#$ #4(,%$1)./$ -%)(/2 *8<

0%,#-1 ? %3)4%*#1 1/44/$% X *8831/$1: 7%--)$%- "/0/- 94 >#3#,%%1%3*%.193
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√
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