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The problem at hand

The problem at hand

On some probability spac€(, P), let
X]_, cees Xn
beRK-valued random vectors having given distribution funcsion

Fi,....Fn: R 5[0, 1].
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Introduction
[ le]

The problem at hand

The problem at hand

On some probability spac€(, P), let
X1, ..., Xp
beRK-valued random vectors having given distribution funcsion
Fi,....Fn: R 5[0, 1].

Given a measurable functian: (R)" — R,
the distribution of the vector

‘ﬂ(x) = ‘ﬂ(xl, cee ,Xn),

is not completely determined by tikg's.
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Introduction
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The problem at hand

We want to bound the distribution (tail) function of the vaay(X)
from below (above) on

%(Fl’ ceey Fn),
the set of dfs having, . .., F, as fixed marginals.
The problems at hand become

my(9) := inf{P[y(X1,...,Xn) <8 : X; ~ Fi,1<i<n},seRK
My (S) := SUpP[Y(X1,...,Xn) 2§ : X; ~ Fi,1<i<n},seRk
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The multivariate framework
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The multivariate framework

The Fechet clas$(Fy, ..., Fn)

The setF(F1, . .., Fn) is non-empty.
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The multivariate framework
@00

The multivariate framework

The Fechet clas$(Fy, ..., Fn)

The setF(F1, . .., Fn) is non-empty.

Whenk = 1:
my(s) = 1 — My(9))

and it is easy to describe elementsjifF4, . . ., Fy) (Sklar's theorem+
concept of copula).
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The multivariate framework
@00

The multivariate framework

The Fechet clas$(Fy, ..., Fn)

The setF(F1, . .., Fn) is non-empty.

Whenk = 1:
my(s) = 1 - My(9))
and it is easy to describe elementsjifF4, . . ., Fy) (Sklar's theorem+
concept of copula).
Whenk > 1:

Scarsini (1989) shows that the conceptgfula as a tool to generate
dfs from a set of marginals, becomes inadequate.
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The multivariate framework
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The multivariate framework

Assumptions oy : (R¥)" — RK

Givenk measurableincreasing functionsy; : R" — R, j € K, we
construct the functiow : (R¥)" — RX as follows:

X} X3 Ya(Xg ... XD)
Y(X) =v(Xe,.... Xn) =y || = |- PO |]= :
XK xK (XK, ... XY

If X =(X4,...,X;,)is a matrix of risks)y can aggregate risks only
row-wise, but the aggregation method maffeli between rows.

This makes sense if the rishkg, . . ., X, are componentwise
homogeneous.
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The multivariate framework
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The multivariate framework

Why working with multivariate marginals

Assuming multivariate marginals allows not only to fix thevamiate
df of every component of the single multivariate policiest &lso the
dependencwvithin the single policies.

insurance line 1» Xi X1 XE4 o+ XE
. W PR : ) =
insurance link — XK xK XK 4o 4 XK
—— N—_—
policy 1 policy n
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Duality theorems

Duality theorems

my(S) andM,(s) are twolinear problemsover a convex feasible
space of measures. Therefore, they adndiia representation.
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Duality
®0
Duality theorems

Duality theorems

my(S) andM,(s) are twolinear problemsover a convex feasible
space of measures. Therefore, they adndiia representation.

Main Duality Theorem (Ramachandran and Ruschendorf (3995

my(9) = sup{ ) ka fidF; : f € LY(Fi),i € N with
i=1

Zn: fi(X) < Lo (W(x)) for all x € (Rk)”},
i=1

M, (s) admits an analogous representation.
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Duality
oe
Duality theorems

Known solutions

my(s) andM,(s), as well as their dual counterparts, are verjiclilt
to solve. Solutions are known only in few cases.

P. Embrechts and G. Puccetti ETHZ Zurich, DMD Firenze

Bounds for Functions of Multivariate Risks



Duality
oe
Duality theorems

Known solutions

my(s) andM,(s), as well as their dual counterparts, are verjiclilt
to solve. Solutions are known only in few cases.

e Whenn = 2 andk = 1; see Ruschendorf (1982).
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Duality
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Duality theorems

Known solutions

my(s) andM,(s), as well as their dual counterparts, are verjiclilt
to solve. Solutions are known only in few cases.

e Whenn = 2 andk = 1; see Ruschendorf (1982).
e Whenn=2andk > 1, Li et al. (1996) given, (s).
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Duality
oe
Duality theorems

Known solutions

my(s) andM,(s), as well as their dual counterparts, are verjiclilt
to solve. Solutions are known only in few cases.

e Whenn = 2 andk = 1; see Ruschendorf (1982).
e Whenn=2andk > 1, Li et al. (1996) given, (s).
e Whenn > 2, the only explicit solution we know is given
in Riischendorf (1982) for the sum of risks uniformly distried

on the unit interval and in our paper for the sum of risks
uniformly distributed on the unit hypercube.
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Standar¢Dual bounds

The basic idea in the dual approach

If f = (f1,...,f.) andg = (@u, . .., §n) are two set of functions which
are admissible for the corresponding dual problems, we have

) <92 m@ > [ fd,
i=1

PIY(X) > 5] <My(9) < fR GidF
i=1

Therefore, even if we do not solve the dual problems,
dual admissible functions provide bounds on the solutions which
are conservative from arisk management viewpoint.
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Standar¢Dual bounds

Standard bounds

We call standard bounds those bounds obtained by choosing
piecewise-constant dual choices.

P. Embrechts and G. Puccetti ETHZ Zurich, DMD Firenze

Bounds for Functions of Multivariate Risks
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Standar¢Dual bounds

Standard bounds

We call standard bounds those bounds obtained by choosing
piecewise-constant dual choices.

e Standard bounds are those typically obtained from elementa
probability; see: Denuit, Genest, and Marceau (1999kferl;
Li, Scarsini, and Shaked (1996) flr- 1 andy = +.
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Duality

oeo

Standar¢Dual bounds

Standard bounds

We call standard bounds those bounds obtained by choosing
piecewise-constant dual choices.

e Standard bounds are those typically obtained from elementa
probability; see: Denuit, Genest, and Marceau (1999kferl;
Li, Scarsini, and Shaked (1996) flr- 1 andy = +.

e The standard bound an, is sharp only in the case of the sum of
two risks. The one foM,, fails to be sharp also far = 2.
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Duality

ooce

Standar¢Dual bounds

Dual bounds

We calldual bounds those bounds obtained by choosing
piecewise-linear dual choices.

Dual bounds are better than standard bounds wher2 but actually
we can calculate them only for the sum of non-negative risks.
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k = 1: bounds on Value-at-Risk

k = 1: bounding the Value-at-Risk for an aggregate loss

The Value-at-Risk at probability level for (X) is the maximum
aggregate loss which can occur with probabitityr € [0, 1].

VaRr (X))
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Applications

®0000

k = 1: bounds on Value-at-Risk

k = 1: bounding the Value-at-Risk for an aggregate loss

The Value-at-Risk at probability level for (X) is the maximum
aggregate loss which can occur with probabitityr € [0, 1].

VaRr (X))

If G (the df ofy(X)) is strictly increasing,
VaR, (4(X)) is the unique thresholdat whichF(t) = «, i.e. F1(a).
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Applications
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k = 1: bounds on Value-at-Risk

Searching for the worst-possible VaR {ofX) over§(F,...,Fn)
means looking for

my(s) = inf{P[y(X) < : X ~F,i=1,...,n},seR.
Indeed, according to the definition of VaR, we have

VaR, (¥(X)) < m;}(@), @ € [0,1],
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Applications
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k = 1: bounds on Value-at-Risk

— - independence
0.1F comonotonicity
— standard bound
—— dual bound
0 I I I I I I I T T
[¢] 20 40 60 80 100 120 140 160 180 200

Figure:Range foiP[X; + X, + X3 < §] for a Pareto(1.5,1)-portfolio
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k = 1: bounds on Value-at-Risk

Bounds on Value-at-Risk

VaR, (X1 X)) VaR, (X% Xi) VaR, (370X
a dual standard dual standard dual standard

0.90 0669 1485 11039 149850 150162 1499800
0.95 1353 2985 22227 229850 301823 2999800
0.99 2985 14985 111731 1499850 1515111  14999&00
0999 68382 149985 1118652 1499850 15164604 149999800

Table:Upper bounds for VaR YL, Xi) of three Pareto portfolios of fierent
dimensions. Data in thousands.
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k = 1: bounds on Value-at-Risk

Bounds on Value-at-Risk

VaR, (X1 X)) VaR, (X% Xi) VaR, (370X
a dual standard dual standard dual standard

0.90 0669 1485 11039 149850 150162 1499800
0.95 1353 2985 22227 229850 301823 2999800
0.99 2985 14985 111731 1499850 1515111  14999&00
0999 68382 149985 1118652 1499850 15164604 149999800

Table:Upper bounds for VaR YL, Xi) of three Pareto portfolios of fierent
dimensions. Data in thousands.

For more details on bounding VaR fkr= 1, homogeneous portfolios of
risks, see Embrechts and Puccetti (2006)
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k = 1: bounds on Value-at-Risk

We can obtain the above table also for Moscadelli (2004)’s

OR-portfolio.
a comonotonic value  dual bound standard bound
0.99 28924x 10* 14778x 10°  2.6950x 10°

0.995 67034x 10¢ 3.3922x 10°  6.1114x 10°
0.999 48347x 10° 2.3807x 10fF  4.1685x 10°
0.9999 87476x 1(P 4.0740x 10’  6.7936x 107

Table:Range for VaR (X2, X) for the data underlying Moscadelli (2004).
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Applications

(o]e]e]e] ]

k = 1: bounds on Value-at-Risk

We can obtain the above table also for Moscadelli (2004)’s

OR-portfolio.
a comonotonic value  dual bound standard bound
0.99 28924x 10* 14778x 10°  2.6950x 10°

0.995 67034x 10¢ 3.3922x 10°  6.1114x 10°
0.999 48347x 10° 2.3807x 10fF  4.1685x 10°
0.9999 87476x 1(P 4.0740x 10’  6.7936x 107

Table:Range for VaR (X2, X) for the data underlying Moscadelli (2004).

For more details on bounding VaR feke= 1, non-homogeneous portfolios of
risks, see Embrechts and Puccetti (2006b)
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k > 1: Multivariate Value-at-Risk

k > 1: Multivariate VaR

Whenk > 1, the definition of VaR does not make sense: there are
possibly infinitely vectors e R¥ at whichG(s) = a.

I I
2 | 0.00;.
IR
25 |\ ool %0,
\ \
NN
2 \ g, L1
\ N ey,
2 0,954
o s o0
w15 o ~— <15
—oo— | .
1 1 o
o
. o % %
N 2, A
o, s
0s o5, \
\
\
\
0 o5 T i ; 25 s % os i is
:

The LO-VaRs fory(X) are thea-level sets of its dfs.
The UO-VaRs are the (2 a)-level sets of its tailc
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k > 1: Multivariate Value-at-Risk

The LO-VaR, for m, (left) and the UO-VaR for M,, (right) provide
conservative estimates of theVaRs for the aggregate loggX) over

%(Fl, ooy Fn)
1
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Applications

k > 1: Multivariate Value-at-Risk

0 20 40 60 80 100 120 140 160 180 200 0 5 10 15 20 25 30

Worst-possible LO-VaRs for the sum of two bivariate Paréte (1.2
for the dotted line) (left) and Log-Normal (right) distriteal risks.
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Summary

Summary

Bounding the df and the tail for an increasing function ofa@lggent
random vectors having fixed marginals
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Summary
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Summary

Summary

Bounding the df and the tail for an increasing function ofa@lggent
random vectors having fixed marginals

)
general optimal solution is flicult to find whem > 2
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Summary
[ ]
Summary

Summary

Bounding the df and the tail for an increasing function ofa@lggent
random vectors having fixed marginals

)
general optimal solution is flicult to find whem > 2

8

using the dual formulation of the problewe can improve the
standard boundsabtained from elementary probability
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Summary
[ ]
Summary

Summary

Bounding the df and the tail for an increasing function ofa@lggent
random vectors having fixed marginals

)
general optimal solution is flicult to find whem > 2

8

using the dual formulation of the problewe can improve the
standard boundsabtained from elementary probability

8

dual bounds can be easily computed and can be transfornmed int
bounds on (multivariate) VaR.
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