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Abstract 

 The aim of this paper is to demonstrate with examples that the design-based estimator for the 

proportion of the first-stage sampling elements having associated at least one second-stage 

element with the attribute of interest using the two-stage sampling design is biased. The 

situation is encountered in the Adult Education Survey (AES) when estimating the share of 

individuals in non-formal education involved in job-related learning activities.  

1  Introduction 

A new problem related to the estimation of a proportion has arisen in the Adult Education 

Survey (hereinafter referred to as “the AES”). The parameter of interest is the share of 

individuals in non-formal education involved in job-related learning activities. In the paper, 

the problem is described in the general framework, and it is shown by the example that the 

design-based estimator for this parameter is biased. The direction for further research is 

drawn. 

2  Population and parameters 

Let us denote by { }�uuuU ,...,, 211 =  the population of the units, to each of which a cluster of 

subunits of size iM , i=1,2,…,�, is associated. Thus, the population of all subunits 2U  

consists of �MMM ++= ...1  elements. Suppose some of the subunits have an attribute of 

interest, and some of them do not have it. Let us introduce a study variable z in population 

1U  with value 1=iz , if there is at least one subunit among iM  subunits associated with  

unit iu , and 0=iz   otherwise, i=1,2,…,�. 

Then the number of units in the population having associated at least one subunit with the 

attribute is equal to the total of variable z: 
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The share (proportion) of the units in 1U  having associated at least one subunit with the 

attribute is equal to the mean of variable z: �tzz /=µ . Let us consider the estimation of 

parameters zt  and zµ  from the survey data. 

3  Sample and estimators 

The sample design of subunits constituting population 2U  can be described by a 2-stage 

sampling design with some probabilistic sample Is  of units in 1U  at the first stage and a 

simple random sample IIis  of im  subunits in the cluster associated with unit iu  (or all of 

them if their number is less than im ) at the second stage: 
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At the second stage, sample IIis  size im  can be any positive number, but for simplicity 

without loosing the generality let us consider  

ii Mm = ,   for iM =0, 1, 2, and  3=im  for 3≥iM  for  Ii s∈ . 

Let us denote by the 
i

id
π
1

=   the first stage sampling design weight with  

( )IIi iP ss ∈= :π ,  Ii s∈ . 

The design-based estimator suggested for the number of units having associated at least one 

subunit with the attribute is 
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where  kẑ  is the design-based estimator of kz : 1ˆ =kz  if at least one subunit with the attribute 

belongs to IIis , and 0ˆ =kz  otherwise. For the share of units having associated at least one 

subunit with the attribute, the suggested design-based estimator is 

�tzz /ˆˆ =µ .            (2) 

This estimator is usually used in the pilot AES of statistical offices. 



Hypothesis: estimators (1) and (2) are biased, e.g. zz ttE ≠ˆ ,   zzE µµ ≠ˆ , the expectation is 

taken here with respect to the two-stage sampling design. 

The following example confirms the hypothesis. 

4  Example 

Let us study a small population { }3211 ,, uuuU =  consisting of 3=�  units. Unit  u1 is 

associated with one subunit without an attribute, denoted by nonattr; unit u2 is 

associated with one subunit with the attribute, denoted by attrib; unit u3 is associated 

with two subunits: one with an attribute (attrib) and one without an attribute 

(nonattr). For this population, the number of units with the attribute and their share is 

equal to 

2110321 =++=++= zzztz ,  3/2=zµ . 

Let us draw the first-stage simple random sample Is  of n=2 elements from population 1U . 

The possible samples according to this sampling design and their sampling design 

probabilities are:  

),( 211 uuI =s ,   ),( 312 uuI =s ,   ),( 323 uuI =s , 

3

1
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Let us simplify the sample design taking for the sample of subunits ii Mm =  for 0=iM , 

and  1=im   for 1≥iM .  The second stage sampling design probabilities are as follows: 

1)|( 1 =unonattrP ,  0)|( 1 =uattribP , 

0)|( 2 =unonattrP , 1)|( 2 =uattribP , 

2

1
)|()|( 33 == uattribPunonattrP . 

Let us estimate zt  in these samples: 
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For the element  3u , we estimate 1ˆ
3 =z  if the unit with the attribute is selected for the 

second-stage sample, and 0ˆ
3 =z  otherwise. 
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Let us calculate the expectation of zt̂   with respect to the sampling design: 
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It means that estimator zt̂  is biased. Consequently,  
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and estimator zµ̂  of the proportion of the units with the attribute is also biased. 

It is clear by intuition that estimator (1) is underestimating the true number of the units with 

the attribute because there are possible cases when the sampled unit based on the sampled 

subunits is classified as without an attribute when in reality it is a non-sampled subunit with 

an attribute associated with it, but there are no possible cases when the sampled unit is 

classified as being associated to the subunit with an attribute when in reality it is not so. 

5  Possible direction for the following research  

The other kind of estimator for the proportion of the first-stage sampling elements under the 

two-stage sampling design is as follows. Some auxiliary assumptions about the population of 

secondary elements have to be stated. 

Let us suppose the number iM  of subunits associated with unit iu  is fixed and known, but 

the number of subunits with attribute iX  is random, ii MX ≤≤0 ,  �i ,...,2,1= . Let us 

define probabilities  
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The number of the sampled subunits with attribute, iY , is also random, ( )ii XY ,3min0 ≤≤ . 

We have the following relationship: 
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Let us investigate a random event 0>iX . Let us denote the random variable  
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�i ,...,2,1= .  Variable iJ  obtains 1 with the probability 

( ) ( ) ( ) ( ) ( )00|0001 ==>+>=>=== iiiiiii YPYXPYPXPJPp   (3) 

Let us calculate this probability. If 3≤iM  then iY  coincides with iX  and 

( ) 00|0 ==> ii YXP , and  

( ) ( ) ( )01010
iMiii pYPYPp −==−=>= . 

If 3>iM  then  

( ) ( )0|010|0 ==−==> iiii YXPYXP ,   (4) 
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Hence from (4) we get 
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Inserting (5) into (3) we can calculate ip . 

Let us introduce a new estimator for the number of units associated with the subunits with 

attribute: 
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Proposition. Suppose probabilities ( )kp
iM , iMk ,...,1,0= , �i ,...,1= , 0>iM  are fixed 

and known. Then  

 the expectation of estimator zt̂̂  (4) under the sampling design is  ∑
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 is unbiased. 

In practice, probabilities ( )kp
iM  are not known, and they have to be estimated. Then the 

estimator of the total and its variance becomes more complicated. The example of these 

approximate probabilities of the Lithuanian AES for the share of job-related learning 

activities in non-formal education is shown in the figure below. 
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