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Population, sample.

>

>

>

a finite population U = {1,...,k,..., N}

asamplese SandsC U

the sampling design p(s) : a probability distribution on the set
S,

p(s) is controlled by the statistician.

the inclusion probabilities

> of first degree : mx = Pr(k € s)
» of second degree : 7y = Pr(k,l € s) for k # | and 7y, = m
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Example 1 : Simple random sampling without replacement of size
n:

> the sampling design p(s) = 1/Cy,

> T = g and Ty = EN l)fork;é/

Example 2 : Simple random sampling with replacement and
proportional to the size :
» the sampling design p(s) = pk,pk, - - - Pk,, and py, the
probability of selecting the individual k; at the ith selection;

> Pk =X/ 2oy Xk
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Estimator of Finite Population Total : the

Horvitz-Thompson Estimator

Let us consider :
» the variable of interest ),
Yk = the value of ) for the k-th individual,
> we know yy for k € s
» we want to estimate the population total of ), namely

ty=
U
P%:ZUWk(S)yk with Wk(S):O if kGU—S,

» The Horvitz-Thompson (HT) estimator :

I Z Yk Z Yk

t = —_— = —/

i Tk Tk k
kes keU

Ik = 1{kesy the sample membership
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The estimator HT for a total is

» the only homogeneous and linear in y; estimator being
unbiased and with weights not depending on the variable of
interest ) and on the sample s;

» the HT variance is

)’k yi
tr) Z E Tkl — T,T)—
Tk T
keU leU

» the HT variance estimator is

Z Z Tkl — TkT Yk Y1

kes les Tk T
Drawbacks :
1. The HT estimator contains little auxiliary information (the
k) !
2. The variance as well as the variance estimator contain double
sums.
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Variance reduction - Auxiliary information

An auxiliary information Z, (uni ou multidimensional)
zi the value for the k-th individual from U.
We know

> the total ) z or
» z forall k e U
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Approaches for improving the HT estimator

» Calibration : we improve the HT estimator without
considering any super-population model (Deville & Sarndal
1992)

» The super-population model € : y, are independent and
identically distributed random variables with

B = flz)
f'{ Vi) = v(z)

» "model assisted” : we construct the estimator based on the
sampling design and assisted by the super-population model
(Sarndal, Swensson & Wretman 1992)

> "model bassed” : we predict the population total by using
the super-population model without taking into account the
sampling design (Royall & Cumberland 1978)
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The super-population model with " model-assisted”

estimator :

Yi,Y2,...= Y, Y2, ..., YN = yx,kEs

Y; random variables (¢) 1 random (p)
Goal : We search for an estimator 7 for the total ty which takes
into account Z such that
EéEp(% —t,)=0
and minimizing the “anticipated variance”

. . " 2
Vare p(t — ty) = EcEp(t — ty)2 - [Eng(t - ty)] :

Remark : E¢ ;) = E¢Ep = EpE¢ because the sampling design p
does not depend on the variables ) and Z ( non-informatif
sampling design) ;
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We consider the HT estimator for the total

ZYk

kes

which is p-unbiased but £-biased :

Ep(t:) =t, et Eg(tr—t,)=

s

= ()
U

We modify %, in order to obtain a &-unbiased estimator : the
generalized difference estimator (Cassel, Sarndal & Wretman 1976)

tairr = Zyk "z +> ()

kes keU

- rz- (z 5]
kes "k s keu
—_—— N
thr Ee(tr—ty)
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Properties of i

> t4irr is p and &-unbiased ;
» The variance under the sampling design is

o(Tdifr ) Z Z Ay v = Zk) f(zl)

Ty
keU ieU

» The variance under the model and the sampling design is

1— 7y

EcEp(tair — )" =)

v

v(zk)

Tk

the Godambe-Joshi lower bound (1965).

Drawback : in practice, we do not know f(z).

Camelia Goga Survey sampling and nonparametric models for taking into acc



Estimation of the regression function

We estimate the f(zx) in two steps :

eFirst step - at the population level :
we estimate f(zx) by f(zx) using parametric or nonparametric
methods ;

The estimators ?(zk) depend on the whole population U, so they
are unknown.
At this level, the sampling design does not appear.

eSecond step at the sample level : we estimate ?(zk) by IA‘(zk)
using the sampling design p.
The difference estimator becomes

Zyk izk +Zf(2k)

kes keU
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The GREG Estimator

o If f(zx) =2, B — the generalized regression estimator
(GREG) (Sarndal, Swensson & Wretman 1992)

-1
A 2,z z
Population level : 38 = (Z - k) Z -
Vi Vi

U U

-1
/

~ zZ,z r43%%

Sample level : 3, = Z k E y

= Tk Vk = TkVk

A

Then, %GREG - Ii-y7r - (tz - tzw)/ﬁs-

We need only Z Zk.
keU
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Nonparametric estimation by regression B-spline

» Suppose we know z; for all k € U.
How can we use this supplementary information ?

» We can only suppose that f is a smooth function
(differentiable) without a specific parametric expression.

» Breidt & Opsomer (2000, 2005) propose a class of estimators
based on local polynomial regression and respectively, on
penalised splines.

> | propose a B-spline approach. (The Canadian Journal of
Statistics, 2005)
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B-spline regression estimator

» The set of spline functions of degree m (m > 2) with K
interiors equidistant knots

0=6<&a<... <&k <éky1=1

Sk.m={s€ C™2[0,1] : s(x) is a polynomial of degree
m—1 sur (&, &)}
> {Bi(-),...,Bq(+)} form a basis for Sk m of dimension

q = K + m (Schumaker 1981, Dieckx 1993)
Bi(:), ..., Bg(-) B-splines;

LO0<B()<1, XL, Bi() =1
2. By = (Bj(z))key jmr...q = (b'(2k))keu
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» under the model &,
q

= Z éij(t) with
=1

J_
0 = (91, cel éq) is obtained by least squares

N q 2
6 = Arg min Yk — ZGJBJ(Zk)
k=1 j=1
fo = b'(z)0 ke U
4 (B’uBu) 'B’uyy
1

<Z b(z;)b’(z ) ZieU b(z)yi

ey
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» under the sampling design, p(-) :

A

f(zy) is estimated by substitution of each total with the HT
estimator :

Fz) = b'(z)0
= b/(z)(B’sN;'B,) BNy, keU

/(7. -1 PA
b(24) (Z bzt ,)> (Z b(%,.)y')

i€s i€s

for My = diag(7k)kes and B’s = (b’(zk))kes-
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The B-spline estimator for the total

We replace the rA‘(zk) in T for obtaining the estimator for t, :

,i'BS Z Yk ~ Zk) + Z f Zk

kes keU

» Population fit residuals E, = y; — rA‘(xk) for all k € U satisfy
> Ec=0.
U

» Sample fit residuals e, = y; — rﬁ‘(xk) for all k € U satisfy

Z;—i:o.

S
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Properties of s

» tgs is the population total of f(x),

tes = Fzi) = > Wisyi

keU kes
with

Wks = Wik (Z b'(zk)> (Z %b’(z,)) b(z).
U 1

i€s

» the weights wys contain the auxiliary information and they not
depend on the variable of interest; as a consequence, they
may used for estimating the population total of another
variable of interest.
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» Calibration (Deville & Sarndal 1992) : Suppose that
> «eu Bi(zk) are known. The weights wys satisfy the
calibrating equation on the B-splines :

Zwks ZB (z) j=1..

> fgs = L& — Zsb;(ri):k) - Zub’(xk)) 6 is a kind of
GREG-estimator for the auxiliary information vector

2, = b’(x;) of dimension K + m.

» Poststratification : U = Ule Up and s C U a SRSwr
sample "stratified”, s = U,’;’Zl Sh
for m =1 and knots at the strata bounds, we obtain the
poststratified estimator tgs = Z,’;’Zl ’,\7’—: dos Yk
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Model - Robustness of tgs

We verify that tgs is (Sarndal 1980, Sarndal & Robinson 1982) :
» asymptotically design unbiased (ADU) and consistent (ADC)

for ty;
N'i“ NEp(tBS —t,)=0
1
e >0, Nllm Pr(— |tgs —t, |>e)=0

» robust (Godambe 1982) : the estimator reaches
asymptotically the Godambe-Joshi lower bound (1965) :

1 — Tk
EgE (N(tBS ty) N2 Z Xk
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Asymptotic framework : assumptions 1

Population :

> lim %zwe(o,l).

N—oo

1
> limsup — Zy,% < 0o with & probability 1.
N—oo NkEU

> sup |Qn(z) — Q(2)| = o(K™).

ze[0,1]

Sampling design : minm,e > A > 0, min 7y > Ax > 0,
keU ikeU

lim n max |mj — mimk| < oo.
N—oo  i#keU
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Asymptotic properties of tgs under the design p : the bias

Result
Under the above assumptions and for K = o(N), K = o(y/n) :

N_lEp’/fBS — %HT‘ = O(n_l/z)

for tyr = Z YK It results then
™

S k

» tgs is ADU and ADC,
> Nfl(/st — Ii‘HT) = Op(nfl/z).

We have also, N‘l(?BS —t,) = Op(n—1/2).
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Asymptotic properties of tgs under the design p : the

variance

Result
Under the above assumptions and for K = o(N), K = o(+/n) :

nY2N"Y(tgs — t,) = n'2NY(E, — t,) + 0p(1)

for
s~ Yk — ?k A
b= o+ k
s U
Consequence :
1 Yk — f Zk) Yi — 12
Vara (s — )~ iy 3 3 Yo Tl 7).

keU ieU
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Asymptotic framework : assumptions 2

Population

1
> limsup — Z ei < 00 with & probability 1.
N—oo N E

> the noise variance v(-) is bounded : sup,cy v(zx) < 0.

Regularity of f : f is m-times continuously differentiable in [0, 1].
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Asymptotic properties of tgs under the design p and the

model &

Result
Under the above assumptions and for K = o(N), K = o(n'/?)

» tgs est asymptotically p&-unbiased and
» tgs is robust :

1, S 1— m
£ty (gylfas — 5)) = ya 3 V(@) " + o)
keU

> the anticipated variance is minimum for m; oc v(z)'/?

) 2
E¢E, (%(fgs - ty)) ~ # (Z V v(zk)> — nz v(zk)
u

U
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A simulation study

» Population ¢/, N = 1000.
> vk = f(xk) +ex, €~ N(0,0)
x € [0, 1], uniform distribution .
» 3 different functions f
fin(x) =1+ 2(x — 0.5),
foxp(x) = exp(—8x),
fsin(x) = 2 + sin(27x)

» Simple random sampling without replacement of size n = 100,

Tk =n/N.
» Splines with 5 interiors knots at the population quantile and
m=3.
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| MSE | f | tur | terec | TBs |
fin | 2980 94 99
0=0.1|fop | 513 281 100
fin | 4706 | 1835 102
fin | 4504 | 1515 | 1633
0=04| fop | 1788 | 1638 | 1552
fsn | 5476 | 3103 | 1565

» for f linear, tgs is almost apresque aussi bon que fcrec ;
» for f nonlinear, tgs has a better behaviour;

» ty1 conducts not very well ;

MSE(f) = %Zle(é, — 0)? for b simulations.
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The estimation of the empirical distribution function and

of quantiles in presence of auxiliary information

The empirical distribution function (edf)

Fr(t) = 33 sy
U
and the a-th quantile :
go = inf{t : Fy(t) > a}
Method : we derive Fy(t) and then §, = inf{t : Fy(t) > a}

Without auxiliary information and N known : the
Horvitz-Thompson estimator

/A‘_HT,Y(f) = (1/N) Z /{yk—gt}
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The estimation of the empirical distribution function using

the B-splines approach

e Supposing that N is known, we propose (Aragon, Goga & Ruiz,
2005) the following estimator

Fas(t =N Z Wislty, <t}
with ws independent of I, <4, and given by
-1
1 b Z; b’ Zj
Wis = (Z b'(Zk)> <Z %) b(z)
U i€s !

e If N is unknown, then Fy(t) is a nonlinear parameter.
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A simulation study

» The population U, N = 1000.

> v = f(xk) + v/?(z)ex, €~ N(0,0) and 0 = 0.2
x € [0, 1], the uniform distribution.

» 4 different functions f (Breidt & Opsomer, 2000)
fin(x) =1+ 2(x — 0.5),
fexp(x) = 0.6 + exp(—8x),
foump(x) = 1.5 + 2(x — 0.5) + exp(—200(x — 0.5)?)
fump(x) = 1.5 4 (0.35 4 2(x — 0.5)?) /(<0 .65}

» Simple random sampling without replacement of size n = 100,

T = n/N.
» Splines with 5 interiors knots at the population quantile and
m=3.
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| MSE/MSEyt | f | RKMyatio | RAdirr | BS(3) | Postrat

fiin 51 39 38 40

o5 fexp 17.7 1 .97 .97
Foump 2.38 .38 .34 .38

Fiump 21.4 .66 .56 57

fin 41 37 24 25

qs0 fexp 8.02 93 .83 .83
Foump .66 40 .20 23

fiump 9.54 .87 .58 .60

fiin 38 40 31 .35

q7s fexp 3.56 .96 .50 52
Foump 2.72 76 .59 .65

Fiump 5.47 .98 .61 62
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The estimation of a nonlinear parameter of population

totals with auxiliary information (in work with Anne
Ruiz-Gazen)

Let us consider 8 a nonlinear parameter.
Linearization by the influence function approach

e Write 6 = T(M) with T a homogeneous functional of degree «
and M =37 ,0y,;

e Use the estimator § = T (M) with

M = Z Wks(syk
s

1. -1
Wiks = ﬂi (Z b'(zk)> (Z %ﬁ(z’)) b(z)

i€s
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Variance asymptotique

Result
Let us consider the influence function defined as follows :

T(M,y) = im T(M +6,) — T(M).

£—00 £

Under broad assumptions we have

VAN (TR = T(M)) = VAN~ [ IT(M.y)d(#1 = M) + o,(1)

= VN whstk — Y uk) + 0p(1)

v
with u = IT(M, yi) the linearized variables.
Example : Fy(t) = % >_u lty.<¢} is estimated by

N /
Fy(t) = —ngksvzkgt} :
s S
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Consequence

Aﬁ; Var,(T(M) — T(M)) N\/;Varp(z Wistl — > Ug)
U

Zk ?(ZJ
T g

keUieU

12

1

fu(zi) = b’(z)(B’yBy) *B’yuy
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RB | 7 | tur tgs
fop | -0.04 | -0.0005
oc=02| fi | -0.0016 | -0.0009
fun | 0.0005 | 0.0001
fexp | 0.002 | 0.0005
o=04| fi, | 0.0023 | 0.0002
fun | 0.0008 | 0.0001

pour RB(0) = (6) % le biais relatif;
yRMSE\f\ tr | s |
fexp | 0.0016 | 0.0008
o=20.2| f;, | 0.0033 | 0.0003
fin | 0.0023 | 0.0002
fexp | 0.0039 | 0.0034

oc=04| f;, | 0.0045 | 0.0014
fsin | 0.003 | 0.0008

MSE(

pour RMSE = ) I'erreur quadratique moyenne relative.
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Conclusion

A simple method for taking into account the auxiliary information.

Further questions :
1. Choice of smoothing parameter K,

2. Extension to multivariate variable Z.
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