
 !"#$%% &

 !"#$%$&! '()'*+,-.!)/()

 !" #$%&'(%)&$$* +( %,)%)%(%&)%&-
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(4")25' 5'"!+! 54-6"/+!(/*(7 8"/)'+/ &,!)/*(9 /) ($$5!+/ 54--/"6'9 +!""!(/

5,/)!(/ ':!" (''+/ ;'-/+' (''.!7 <.' *')(/;4"6 ='.')'*(/ *'3/*( ;$$"/*(9

+!""/() >3)/ ;$$") 5,/)')'*(/ >3/ 5,/)!(/.'9 )/!() ;$$") '.' )/!(/ 5,/)!(/.'7

?>.!(/" 5''6')'*(/ *2!6'( (''.!.' "$$6 $&7 @,!)/*( 54!( 5'')"2(/ '"" $""' *$"+

;4"62 =' $".2 (''626 (''.!6 =,-.+!(/6A

< ;$$" << ;$$" /-!&/52(

B7 ;4"6 CD CE F

F7 ;4"6 EF GB G

H7 ;4"6 EI ED D

J'3/" ;4""2" $"! ;'-/+ 22/ 5,/)!(/.' 5,/)')26 ;$$"9 >3/" ;4""2" '&6!(

;'-/+' )2"/+2(/ 5'&' 5,/)!(7 J'( (// $& >*(*4!*9 +!""!(/" ;4""2" $"! 5'&'

5,/)!( ;'-/+K L'')'+/ *'3)/ 3>;$)//)!"!() $"2*$-6'7 M3/" =232" $& 22( 5,/N

)!( ;''-!" ;4""2" +,/*4-.2(/") ;'-/+ 5'&'() 0D =' G >3!*2)1 =' >3/" ;4""2"

$"! 5'&' 5,/)!(/.' 5,/)')26 ;$$" &';!") ;'-/+ 0F >3!*2)17 O/!(/" =232" '&&':

22/ 5,/)!(/.' 5,/)')26 ;$$" *'3/" ;4""2" &';!") ;'-/+') (''*! 0F =' D >3!*2)19

>*( 5'&' 5,/)!(/.' 5,/)')26 ;4""2;$$" $& '.' +,-*!+!(5,,-(/") ;'-/+ *2!

22/ 5,/)!(/.' 5,/)')26 ;4""2;$$" 0G >3!*2)17 J'( +4"/+'" *!-=/"6')26 =232"

$& '&6+/6 22/ 5,/)!(/ *'(2"!**2(/() ('+' )2./5'6K L4! '-5'+/9 /) /(!+/N

(/&' *!-=/"6')26 =232" 2(2+/ +//"('+!&! 22/ 5,/)!(/ ;'-/+2((/ *2! )/!(/&'

*!-=/"6')26 =232 ;232"K

P$$+2"!*2") 54!+/ )'$"!()/ '&6+/)/ ;232" *'(2)'6' +,-.!)/()!7 P/!'+/
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 !  !"#$%% &' ()*+,-,.) "/#"%0123)#!/#

"#$% &''(# "%%)*+ ,-./",%0# "%%121 "%%$/)2",# #3/4#52"# i. &6((2( "708'(/$%

Xi9 :6/0# )'4,3'((/1% 0-3$/,#",/ %8/(+ )%"2,%1#" ,#",",%,/",/)2, S(X, 0) =
∑n

i=1
"$4(Xi)+ )%" #3/4#52",# 0#1/%%4 56/)" '((% 42((9

;$% 56/0# )% <-($/1% '0% "/"#,244#, <% ',"/1% 0/1%$/ 0-3$/,#",/", &%=

3#0%,9 >#((/",+ 0/" %35#",%)" 0/4$/( 0'#( )% "%%$/)2",# #3/4#52"# "2232",9

?/(@'A'4/ %",%)0-3$/,#",/ ",%,/",/) 56,%8)/ %35#""# (/"%)" #3/4#52"# 0-3$/(#

)% #3/4#52"# B%8"'(22,5--3,2"#* "2232", B%",%)2,*C

W =

n
∑

i=1

"$4(Xi)3%4)(|Xi|).

 ! "#$#%&#%'( W )$*#(& +(,,-./*#00&% '0-#%10&

D2/ 22" <% 5%4% 5-#,/" '4 56315--3"#(, .#%1+ "//" ,2(#4#5%1 #3/4#52"#1 "%%)/=

1#" (/.,"%(, &6((2&''(,# #3/4#52"#",9 D208% &6((2&''(, 5-#,%,%)"# 22# 5-#,/=

"#$%+ '4 .#%" )%,"#" 5%(/,21 <2.2"(/)2(, B',"2",%,%)"# 0741/5/")# %8/( 50"*9

D2/ 5%%,%0# "%%$/)2",# #3/4#52"/ E "%%) 22# 5-#,/#$% 0//42" "%%) 5%4%

5-#,/"#$% E "//" 42((.7&',##"/ )#.,/1#" &#%)"/1 0-3$/1 #3/4#52",# ##" '(#=

0% ,-/#",/ <2.2"(/)219 ;4,21 4-/,#" '4 5%%1#(121 )'(0# &6(12+ "##$% '4

56/0%(/))# 0-3$/)'08/4%,"/''4# #3/4#52",# ##" 23 = 8+ 4/4$ <-3$4#5%1 )%,=

"#,2(#02"#1 B5%(/0/1* &#%)"/1 )6/) #"/4#0% 5631"# ,6#4-'"2"#$%C

#3/4#52"#1 Bxi* "$4(xi)3%4)(|xi|) W (xi) P (W = W (xi))

−2 −6 −9 −1 −2 −3 W = −6 1/8
+2 −6 −9 +1 −2 −3 W = −4 1/8
−2 +6 −9 −1 +2 −3 W = −2 1/8
+2 +6 −9 +1 +2 −3 W = 0 1/8
−2 −6 +9 −1 −2 +3 W = 0 1/8
+2 −6 +9 +1 −2 +3 W = +2 1/8
−2 +6 +9 −1 +2 +3 W = +4 1/8
+2 +6 +9 +1 +2 +3 W = +6 1/8

F(%(,''121 ,%8#(/, )%"2,%1#" 56/0# 5-(<% )/3<2,%1% ?/(@'A'4/ %",%)0-3=

$/,#",/ ",%,/",/)2 W <%',2"# <2.2(+ )2/ n = 3+ 5%%,% ,%8#(/, G9 9

H(#,%0# 4771+ #, 0#/# )%,"#" ,2(/1 #3/4#52"#1 6 <% 9 22# 5-#,/"# )%"2)"

4/4$ #3/4#52" 2 5%4% 5-#,/"# )%"2)"9 >##$% W = −49 I#/%0# '(2(/"2",6#=

4-'"2"# B&=5%(2#* E 0/((/4# '4 ,6#4-'"2" 4-.% "#1%5631 #)",3#0%%("#, 56/

5##( #)",3#0%%("#0%, ",%,/",/)2 5--3,2", 42((.7&',##"/ )#.,/1#"J F.#&''(=

"# .7&',##"/ )'33%(+ )2/ 22" 5-#,/" "%%8 '((% 5%/1 )%" "%0%.#% 56/ &%3#0



 ! ! "#$#%"#%&' W ($)#'" *'++,-.)#//"% &/,#%0/"  !

"#$%& '( ) *+#+,-+,./ W 0#1+/- 2/&&3451+%%-, .%3+,6%-7 n = 3

8 9: 9; 9' < ' ; :

=>?@8A  BC  BC  BC 'BC  BC  BC  BC

./, D#2# DE%+,-7 1&%.-,6 -#F# %.-+G%%F-% >W = −4A DH, D%%& %.-+G%%F-%9

F# >W = −6A -+#+,-+,./ DEEG+/-% -##F,-% +H%2E1-/- 2/&&3451+%%-, .%3+,6%-

1/8 + 1/8 = 0, 257 -%%I# 1&/&,-/-+H%2E1-/- 12 43%511&-% 3451+%%-, .1GG#&

<7'!( J#3%511&-% 3451+%%-, .1GG#& >./, //- DE%+,- DH,$ 5H3,FH++%&,-%&+ 1&&#

.# .%3D%F ./, D#2#A 12 -#F# %.-+G%%F-% DH, D%%& %.-+G%%F-%F#+% -+#+,-+,9

./ DEEG+/-+% 3/&. {−6,−4, 4, 6} -//G%F 0# +%-+, 1&/&,-/-+H%2E1-/-%.- +/&%$

<7'!K'@<7!( *%%I# #2+/6 0/3/& %, -//6# F% #&+%G2#+,,D-%+ 3451+%%-, +H%-+#9

+/.- &/I%6# F,-+#3%- FH,-+&,../ 1&/&,-/-% 2,D116 .#-/+#6%-(

LH,F% .# +E3%&% 5#22#7 %+ .1&F% D##+&/-% .1GG#& 51&%.- 43%I, .#+-%+/&%9

F/-% .1GG#& DH,F#&,. +H%-+#6# //% DE%+,-% 5#G%F/-+ D#2#-+ 1&/&,-/-% 2,D11&

<7<!M

*%%I# 4&60/3/& 12 DH,F#&,. ?,&N1O12, #-+#.FEGI,+%-+, 1&/&,-/-+H%2E1-/-+

&%,6# 2E,+%.- 2,,) D##+#F% &E$, 2n %G,2%D#+ FEGI,.1F$,2#+-,112, #-+#./+%

%%-7 &%,#F% ,I# .1F$,2#+-,112, 0#1.- -+#+,-+,./ W DEEG+/-% 2,2I .,G0/+#F%

DE&0# W 0#1+/-% 0/3/&7 ./, 2/&&3451+%%- .%3+,$( *##6/6 0#1+/-+ .#-/+#6%- 12

0/$# &,3+2% &%,6# +%-+, 1&/&,-/-+H%2E1-/-+( "#-/$ F%%&%- 5,6#6#7 %+ ,I# D#&,F,

-//G/-% n .1GG#& +/&%$ -+#+,-+,./ W 0#1+/- %G,2%DM

*#F#- 51&% 1&/&,-/-+H%2E1-/-% &%,6F,-%.- +#GD,- +%GD%+ 0#1+/-+ DE&0# .,G9

0/+#6#( =,,-#$7 ./, &1%F% .1../ #,2/&+ 2E3+/6 W DEEG+/-% 0# +%F#-+ D%%&

%.-+G%%F-%F#+% DEEG+/-+% -##F,-% +H%2E1-/-%6 2/&&3451+%%-, .%3+,6%-(

L##+#F% 0EGIF,-+ 2E,6%+

 !"#$ %&'  !"#$#%&$! '(("#' ))&#*!+ ,!' -.$! /((0- "102! -33-!-)* '/.-4

'#!!0'.- 5!!"!/0!!'-&#- ,!')-!*.' /!&!6."!* 5!!"!* ,##&.$#6# ,)# -&!*#-'#((4

6#0#'- &!"#$..-(*#- 75!!"!*. ,(,,)8$90.$#'-: ,!')-!*.'; <)&#6=)''. "1&"!-#

>? ,!-'.!0)'- 7&(--#: 2! #=!0. &(-#0. -.5-# ,!,' '!$!/#,,! '#''.08#=.-; @,' 5!!4

"!*.'- 8$$.0*# ,(,,) 7,!')-!-# -&!*#-'#((6#0#'- &!"#"##'#: 2! -.#6. /0!!'-.&*!-#

,#66#; A!'-# '##' 5!!"!*.0 /!!& /1."! /!&!6.*!; B!!"! /!&!6.$#'. 5.!*)'-

$88*.-# /!!&# /1."! /1&!'- 21&=$#'.0-C "!!*!-#+ ,)# -)=."!- 28)*) 015.9 "!4

2! 5!!"! )).'-# 0!5-# &.9#$#'.,' 7'..=! '))&.$!* 6)$9&#* 61#-!"!* /!&.$#6#

/!&!6.6)* 5!!"):; D!-'.-)0.$)'.* (6 -((*)* -!9.0#' E;E;

A.#!$. ,(=)-)* !6*$.-. /852!0 F#0G(H(6# !'-!,$1&=#-.'-# '-!-#'-#,) "11&4
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"#$%& '(') *&++,+&+,% -#./% 0#1+2# 3##4#1#4+ &%+52+/%-/

16.. 0&##/.%1 72$&8/ 0&##/.%1972$&8/ sgn(xi)rank(|xi|)
 !:; <:' '=> !

' ;?< :?> @;> ;

@ @;> <!= 9!@ 9 

< :>< >?> 9' @ 9>

: <<> @: ;! <

! <>; '>> '=' :

> !>! '@< <<'  =

? >! : ! '<: ?

; !<> :>> >= @

 = :>> : @ !< '

 !"#$

W = 6 + 9− 1− 7 + 4 + 5 + 10 + 8 + 3 + 2(= 39).

%& !' (!)!* +& #,-&#./-' .0-1/*!"- /" /2! # #  # 13,2# 4/&&/ 210 = 10245
20-2- &#-' *36- .//'/ / +& ,/"2#7 %8/ .// /1#5 1- ! 13,8-2+16-&/ "-++&-

+& "#**-"#'5 1-**# 4!)!*  !*#2"  #" " / -" -2! .33, !" 9: .0- "!!,#17 %" /2!'5

1-**# #  # 1--&!"13,8- 4/&&#" "//1# "/1/ #2" ,##1"# .0- .##* #2" ,##1"#1/

" / -" -2! .33, !"#5 +& 3,/  ++'!' /**(3,8&#./"  /6#*-"$

1--&!"13,2-'# /,. /" /2!' (!) # 2+22!

; ∅ <

< <5 =5 95 >5 ?5 @5 A5 B B

=

C<D=E5 C<D9E5C<D>E5C<D?E5C<D@E5C<DAE5

<=

C=D9E5C=D>E5C=D?E5C=D@E5C9D>E5C9D?E

9 C<D=D9E5 C<D=D>E5 C<D=D?E5 C<D9D>E >

F+22! +& "##8/ &#-" <;=>G" (!)!" "#**-"#-'5 1-**# 4!)!* W .33, !"  !G

*#2" "/1/ #2" ,##1&# .0- .##*8- #2" ,##1"#1 2!- .//'#*'!' " / -" -2! .33,G

 !" 1 + 8 + 12 + 4 = 257 F!- 1#  #/2"-1# #  # C(!6/ #&&# /&'1# # 2+8!G

1-" H&38#1-" E5 # 4*//" #, "//6 016*!"#" ./-' 4/,#1 +**/ C1-  # )/*.#1E5

.0-2"-1# 2+& ,+**-'/ I)#4++*"# )I4+ ##"-7 J#**-"#* (!)!* +*#2" "#'/.0,' #2" G

,##1"# .0- .##* #2" ,##1"#1/ " / -" -2! .33, !"# &38#1-"#  0#&3+"!" &!**)IG

4+ ##"- 2#) -'#" C4G./*!#E 25/1024 = 0.0244 . . .7 F!- 1# #- "// 2-&'*/* K#*G

'/5 # L4*//" ,-8/ )//./' #- "// 4/,/&#'/ 2#).#1-&- 2!- 016*!" 2/"! /'#"L5

4#/2"-1# 2/"! /1/ 2/)#4++*"# )I4+ ##"-7 J#* (!)!* "//2"-1# +*!*-"!" 0#&3+G

"!"#2" 0.0244∗2 = 0, 04887 %& !' &3- # 2+,,/* "//1# "##8/  0#" / !2" *!8#'/

C+*!*-"!"# &-.++* ;5;?E5 # 4*//" #, 4/,/&'/6 )//.! 4/,#1-&-7



 !"! #$%&'())(*+*,- .#)(/$  !

"#$#% &#' ())*%#+*, )-( %.$,/ +##-,&+0 (1'/ *.2+, 3%#%'+#+*1,4.3+#+, %,'56

7'4, '+,8' )-(#*' )/'% 7##*#5) &,,-#%'+,&+ 94.'*,&+ *.',+*' 71'+*%'&# ()%'7'

+##-#+, n = 100 &3--)% 2,)&+'7, %./' ())*)7) ≈ 1030 ,-'4,()* 7.-8'&37/'6

4)*+'334':::;: <+,8' +''+0 &#' 2,)&+'7, 3%#%'+#+*1,4.3+#+, %,'57'+,&+ %./' ())6

*)7) ()'5 #7/,+ => 4,'+*0 3%,&+ +,5) *.4)2.,() )-(#*'*, ?)3&+ %''8) 2)%?#:

@,,*1**# &)+#*)*)&+, (.$,8' +##-,7)*, ()%'7'7)$*#5, &3--)% %'8'&)#5+,'5

7,,*35,'5 3%#%'+#+*1,4.3+#+, %,'57'+,&+: A$,&+ (1'7)%#+,&+ 3%,&+ B34*,6

C)-%3 &#-+#+,+* *#**)()*, 7,,*35'*, &)+#*)7'4,: D,'+,&+ (1'7)%#+,&+ 3%,&+

+*)*'+*'&# W )+E72*33*'%'+, ?)3*#+, &)+#*)7'4,:

 ! !" #$%&'()*+,$ -''&$. $,/,01/1&2'%3$1/1' *+4/&*-01'51

B,,*35' '5,, 34 %'$*4,: <8) ())5,%5#5 21%%# 2#$#% ('+&)7, ?#$#+%'&#%* &#%%'

?) &'-?) 4'48 3*+#+*)7, *)&&)?.-8'0 &#7/ 21%%#233% 2,)&+ &)457) +'%*' F##+

(.,*'+G: @))8'&#+*, )457,5 ?.*)7, +)7)&+ H +,,8) 3*+#+*)/ 7E45'('+, '8)

,-'4,(#+, ,,+ &1'8,+* *,7) 7.-8': @))8'&#+, ?) (.,*'+, *EE/' ()$,% +,3+* 3%%)

,' *3$' H 3%,7, ?# (.,*'+, *EE2' 4.'*)()5 F+'%5'5G ?#$#+%'&#% +,8)7'4' )?)4#5:

I-(#*)7, J'%K3L34' )+*)&7.-8'*,+*' +*)*'+*'&# (..-*#+, +,%%'+, +,8)7'4'),6

*#5 )457,+*'&# 2,)%*: M3-5)7, +,5) 2-3*+,5##-' 2)%?# &3-5'0 4.'*,&+ 7'%?34

&3-5): @))7, 7'%?34 +*)*'+*'&# W (..-*#+* 3%#&3--)+0 &#+ 4#%%$E23*,,+ 8)6

-)4*,,-'*#%* &,$*'/ 9*.4# +,%%,%,0 ,* ()$,*)+'7, 21%%#233%*,% +'%*, ?#$#+%'&#%*;:

N))*)7,0 &#' +)8,%' *#%' 7,', 233%* 8,4,-,,-'*#5 )457,+*'&,+ +*)*'+*'&# (..-6

*#+ +)7) ,-)&3-54, (1' (,,%8' ,-)&3-5+,7 &#' 7,', ()%'7'+: @))5#5 +#$*,%'4,

+)8,5#+ 9+)7) (,'5-)*, (1' (,,%8' (,'5-)7)*, +*)*'+*'&#*, )-(O 8,4,-,,-'*#5

()%'7'*, )-(; 3%,&+&' 3%#%'+#+*1,4.3+#+, $'44)48#&+: P%#%'+#+*1,4.3+#+, *.26

+,7)&+ $'45)7'+,&+ 2,)&+'7, %'$*+)%* 8,4,-,,-'7) -3$&,7 ()%'7,'5:

 !" #$%&'())(*+*,- ./)(0$

I+*)&7.-8'*,+*' +*)*'+*'& 34 &'-?) 2)45)( &#' ?#$#+%'&, +##-#+*, +#77)0

W =
∑n

i=1
Yi0 &#+ Yi := +84(Xi)-)4&(|Xi|): "#$#% &#' '8)% ##-'*)()% 3/?,&*'%

34 ()%'*#5 ?#$#+%'&#%* 7'%%'+,+ ?.-?,&3--)+ 7, *QQ*%#+,'5 -)&,45)7, 9?#$#+6

%'&#%* ()%'7, &#7/) $))()5,+* +))/ 2%))+*-'R ()%'7, ?#$#+%'&#%* 21%%#233%,

&#$# &E%()7, +3-*' I ?4,; +))7, %''5,*)()'5 %#8,5) +1%*#7)*#*,&+: @1%*#7)6

*#*, ?#$#+%'&, +##-#+*, +#77) 34 E%5?#$#% )+E72*33*'%'+,%* 43-7))%?)3*#+,6

8) 9*.2+,7)* *'48'7#+* ())*)7, &3$,;:

S,%5)7,0 ,* 4#%%$E23*,,+ &,$*'/: @,%%'+,% ?#$#% *#%,4,/ +*)*'+*'&# ?#$#+%'&6

&#+ 2#$*)%* *QQ*%#+*, -)4537'+,,-'7'+,+*0 +,,8) +##-#+,5 -)4&(|Xi|) 34 &.+'*6



 !  !"#$%% &' ()*+,-,.) "/#"%0123)#!/#

"#$%&%' ()* +(,##-*$)' (./,$%/'*' 0% 0)1),"*()' ./ %*/)"$ ,))-),#' ,2/(Xi)3

P (,2/(Xi) = −1) = 0.5

P (,2/(Xi) = 1) = 0.5

4##2% 5/)""167.$##,* (#1$*'#,83

9W = 9

n
∑

i=1

Yi

=

n
∑

i=1

-%/((|Xi|)9(,2/(Xi))

=

n
∑

i=1

-%/((|Xi|)0

= 0

0%

:W = :

n
∑

i=1

Yi

=
n
∑

i=1

-%/((|Xi|)2:(,2/(Xi))

=
n
∑

i=1

-%/((|Xi|)2

= 12 + 22 + 32 + . . . n2

= n(n+ 1)(2n+ 1)/6

;%1#<=-(),3 ;>-'),#

∑n
i=1

i2 = n(n+ 1)(2n+ 1)/6 (#1$*&),#, &##/')?

<*,#(, &>*@ (%,)$%'% /=*$#(, */')($,*../*A ;##/')B #$ %/$)' &%"#< (#1$*@B

()* n = 1A 4**, /=*$%B #$ ()* &%"#< (#1$*@ n (.--%"B ,**, (#1$*@ $% (% n + 1



 !"! #$%&'())(*+*,- .#)(/$  !

"#$$%&'

n
∑

i=1

i2 =
n
∑

i=1

i2 + (n+ 1)2

= n(n+ 1)(2n+ 1)/6 + (n+ 1)2

= (n+ 1)(2n2 + n)/6 + (n+ 1)2

= (n+ 1)(2n2 + n+ 6n+ 6)/6

= (n+ 1)(2n2 + 7n+ 6)/6

= (n+ 1)(n+ 2) (2(n+ 1) + 1) /6

($)*%+, -../ 0,,-/1/%2 ,* 311$*, 0%&)+)*, 4311$ n5 "#$$%& #- 3*%*)3*)"1

W 6%#*13 &)7)&89,/%3,&* -#$+%%&6%#*13,7%: ;<,3*13,& *17)-,+, =)-/,>,$7?

@,&&,$A) *,#$,,+)&,:

B&71 %-*1/ 3<&*1+%*1*, 61913&)", 311$13*, 3,,$)%/ 4)7%3 $,%3 #&,0%/ 61?

913&)"1/ 311$13,/ #&71 #+%0%9,& 3<&*1+%*1/2 0,,$1/ 0<)0%/ #&&% 3<&*10%/

0<) #3%&)3,&* )3,7) "#""1 &%-7,/%5'

X11

X21, X22

X31, X32, X33

. . . .

B&71 CXij = 02 DXij = σ2

ij 2 Sn :=
∑n

j=1
Xnj 2 DSn :=

∑n
j=1

σ2

nj .
=)-/,>,$7?@,&&,$) *,#$,,+ 08)/%>' E1) +)3*%9,3 ε > 0 "#$$%&

1

DSn

n
∑

j=1

C(X2

njI(|Xnj | ≥ εDSn))→ 0, "1) n→∞

3))3

Sn/
√

DSn
L−→ N (0, 1).

F)&G#H#-) %3*%"+8$7)*,3*) I191& #&,"3)/ Xni $#&&)3 +8$7)7% %3*%"1/: J%?

&)+) 311$13, n "#$$%& #&,"3 Xni = i 0<) Xni = −i'

0%&)+ 311$13,7% 1 ±1
0%&)+ 311$13,7% 2 ±1,±2
0%&)+ 311$13,7% 3 ±1,±2,±3

. . . .
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"#$#% &'#% ()'*#+ ,-.-%)/0-+ %--&-%'+ (1 1-)).23(4''%/ 0'.4/+'% %5)4-6

$#4-+7 %'%4 $//1-% *5/ 3)-%$8&9/ %#44-$/%' #%4#0- '44' (4%-%4#: &#1+($/%''6

&/$/1' ;,# )((+'4#*#%4/ (1 05/0 35)+-+' &#1+($/%''&/$/%'0% 4(/$-1-+ $216

+/*/%0'+ 4'/1'4'/%'%4 %5)4-$#4-+<<<=<

>#)/$/ %--&-%'9# n 3-.-) ()'0% ?/)@(A(1/ #%4#0$8&9/4'%4/ %4#4/%4/0- *88&6

4-% %''9# Wn =
∑n

i=1
Xni<

B-1# )//+'4#*#+ ?/)@(A(1/ 4'%4/ 3-.-) (1 ;1-)).23(4''%/ 0'.4/+'%= ,-.-%6

)/0-+ #/1-)4 $8&9/ 3(()'%47 (1 |Xnj | ,# X2

nj 4'9')/0-)4 0(1%4#1+/+ ;#%4#0 ,# #%6

4#0- &--4=< B-1# #9# $#0%/$##)1' #%4#0 (1 n7 %//% |Xnj | ≤ maxj≤n |Xnj | = n
,# ,8&')/0-)4C

1

DSn

n
∑

j=1

E(X2

njI(|Xnj | ≥ εDSn)) ≤ 1

DSn

n
∑

j=1

E(X2

njI(n ≥ εDSn))

= I(n ≥ εDSn)
1

DSn

n
∑

i=1

i2

= I(n ≥ εDSn)

= I(n/DSn ≥ ε)

>//$#1' #*#)+/% 0((1+-: #9# 1-))/0%C

n/DSn =
n

n(n+ 1)(2n+ 1)/6
→ 0 0-/ n→∞.

F8&')/0-)4 (1 G/1+':'&9/ 4/19/$-% &#.-)+#4-+ ,# 1-)).23(4''%/ 0'.4/+'%

W/
√
DW

L−→ N (0, 1).

 !"#$ %&%  !""#$%&'()* '&( +,$')()'!))- $''& '&$%(). /&0'& +,$')() ))(%1

2&%()&34(%)3 -,,!$%&'() 3&+$') /&0'& '!))-$5& '"''41 6&&7)%&'() /&7 ($$(

!&/7&1 8$39)- -::7)%&'() /&0& +4/)%4(% /$$ '!))-$%&%47 '"0&(% '4$ '& ()3;

3) ':!#&3%1 <&0& +4/)%4() )!$/)#4()7 ='&$%(-&%& '"0%;'!))-$%&%47 '"0%> "/

9,!5-$()7?

;@* ;A* B* ;C* D* E* ;F* ;@G* @H* @B* @I* ;@D* HG* HI* HF* AG* ;AH* BG* DE*

@GH1

J$3K"L"/$ &(%&'-,!5$%)(%$ (%&%$(%$'4 #,,!%4()'( (&&-)?

W = −1− 2 + 3− 4 + 5 + 6− 7− 8 + 9 + 10 +

+11− 12 + 13 + 14 + 15 + 16− 17 + 18 + 19 + 20 = 108



 !"! #$%&'())(*+*,- .#)(/$  !

 !""#$%&'(()* +(#'*,() &&'-+)*.( -/'!, 0-"*.* )!!1!)( 2!!1() )'-'*)'*+!

+()+0331'!)(+) 2- ,*)%(1)*&&/*+) 4W = 0 2- 5W = n(n + 1)(2n + 1)/6 =
20 ∗ 21 ∗ 41/6 = 28706 7((8- %(-+) /!""#$%&'(()* +(#'*,() 2!#!)"*+ )!!1!)
(W − EW )/

√
DW = W/53, 57 &"(.- "*8*+-!,! )'-/,-1,)( /&1.--"2-&'!9

)(8- 2!#!)"*+ )!!1!) :/!""#$%&'(()* +(#'*,() %(-+) 0-)'-0 )!!1!) &&'!)%31-9

)("' 233.- 0-#(.*++! 9;<=>666;<=>?6 @/'!, 0-"*.* +&11-" -8- W/53, 57 =
108/53, 57 = 2, 016< )((8- .*,-8* '!/,!A &"(0-' 0*"'!666 /!""#$%&'(()* ((",!9
)(8-6 B"!"*)!)'C(/3&)!)( )--.(< +!* "(*-.(< +!* 'C(/3&"*)("' &"(+)*.( /3*/!,

)(,-0C1, (+)'1((.)(' 0C* 0((" (+)'1((.)(.-' )'-'*)'*+! 0331'!)' /!""#$%&'((9

)* +(#'*,()6 DC(/3&)!) /3#- 0((" )!!1(.-' )'-'*)'*+! 0331'!)' H0 +(#'*,()

&"(+) 1 − Φ(2, 016) = 0, 0219 :&"!"*)!)'C(/3&)!) $#(%&&")( #$%&'(()* +&11-"?6
E-#(%&&")( #$%&'(()* +&11-" %(-+)*.( .!*,!8* )**- 2!!1,( "**'.- +- (1-+&1,9

)("' 03*+()( W )--.*)( 'C(/3&)!)( :/!""#$%&'(()* +(#'*,()?6  &1.--"2-&'!)(

)$...('1*-' -10()'-,() )--.( '!"(.!)(+) (1−Φ(2, 016))∗2 = 0, 04386 7((8-
&/ &"!"*)!)'C(/3&)!) 03*+( 2- .( 0C*.( /!""#$%&'(()* :&"!"*)!)( /*0&&" F<FG?

+!..!'-'!+) "!8(,-6 HC1,"!)(/-I '3%/( &"!"*)!)'C(/3&)!) &"(+) F<FJJFGJ6

 !"!# $%&'()*' +,-,.&)*

"#$#%&#%'$& #()*+ &$,*)% *##* -)('-./%0 '(& 1* )23*4/$1* /%&'.**#&*# 5$-#(&#

6%/*7$ 5$-#(&*,$8 92%#*'& 7:%1* )23*4/$/$ +%4--15$-#(&# 4-.1$$)5$-#(&*,$

7:% ;%)<-=-4% $&#$'12.,%#*&#% &#$#%&#%'( 5$-#(&# 4-.1$$)5$-#(&*,$8 >(% 1*%*

7$)%1%/ -4 72,$ &((.*/0 &%%& 7:%1* &*))%&# )23*4/$1%&# #*3$ ?&4$ &%.,5--4*)%@

&*)# 5$ 6.-+)**1%/*#$8 >*&'1%&* &((.(&*,$ 7$)%1%#* '-..$) &$$1* $,$ &$,*)%

7*%/% #26&*1$%/ #()*1(&%0 '(% *44* $.7(#(&#* $)(&#$1%&# 7*%/% 1:#)*1*8

A$$#$1* 42%#*'& 5(3(&)%''( &((.(&# X ∼ B(10; 0, 4)8 B4#(/ +%4--15$-@

#(&# &$$+ )23*4/$/$ 4-.1$$)5$-#(&*,$ 5(3(&)%'( &((.(&*,$ Y ∼ N(4, σ2 =
2, 4)8 >(%/$& )*%/$ 4-.1$$)5$-#(&* )23*4/%# '$&(#$/*& #:*42-&(&#0 *# X = 10
P (X = 1) = 0, 0403C D4 &*),*0 *# $4#(/ #:*42-&(& 6-)* )%,%)23*/$&*)#'% 7:./@

4* #:*42-&(&*,$ P (Y = 1) = 08 E$.*1 7$.%$4# $4#(/ #:*42-&(&* )*%/1%&*'&

-)*'& 7$$/$#$ #:*42-&(&# P (0.5 ≤ Y ≤ 1.5) = 0, 04148

>(%/$& $,$ -)*'& 1:%&#)%' )*%/$ 4-.1$$)5$-#(&* )23*4/%# '$&(#$/*& &((@

.(&# P (X ≤ 1) ≈ 0, 04636C F* 7:%1* 1:*)/$ '$ 4%%G P (X ≤ 1) = P (X =
1) + P (X = 0)8 A%%1$&# #:*42-&(&# $,$ )23*4/$+ #:*42-&(& P (Y ≤ 1.5) =
0, 0533 6$)5( #26&*1$)# '(% #:*42-&(& P (Y ≤ 1) = 0, 0268 "**,$ &--7%#$#$'&*

'$&(#$/$ /%&'.**#&*#* 5(3(&)%'* &((.(&#* )23*4/$1%&*) 6%/*7(&* '-..*'#&%--@

4% HK&/'*/!*'L K&11(K'*&/IG P (X ≤ c) ≈ P (Y + 0, 5 ≤ c) 7:% P (X ≥ c) ≈
P (Y − 0, 5 ≥ c)8

A$$#$1* 6%/*7(&* 6$.$4/(&# **)4*4(/ 42%#* 7$.$)8 J*%/1$'& #:*42-&(&#

P (W ≥ 108) -)*'& 1*%) &**,$ &--7%#$7 7$$/$#$ 4-.1$$)5$-#(&* 5$-#(&K(4'#@
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!"##$" %#&'( (W − 1)/53, 57 )%*$' W +**,*- +."( !'++*/'  01 +"! '$2

$'%! %'&.3##(!. &43#,..!" 3*&*( #(*("!*!,5.$6#!*!.%! (1−Φ(1, 9974)) ∗ 2 =
0, 04587 8$,*9 $6",.! ." '$9$*9 3"9.:*!. 3';'$9*!. %'!*,'+"$. ,63!.+',

,*(.+*!, < %*" "(+' 3"9.:*!. 3';'$9*!.,' '('&"$9'!"+. #(*("!*!,5.$6#!*!,1

!""! 3"9.:*!. 3';'$9*!, %'!*,'9.! !'"+. (""/' !**;. &"$$'$/* #(*("!*!,5.$6#2

!*!.(.7 =6&.$9 #$ %5"/.!, (6&.$9 >' :'&.( :5"- 3"9.:*!. 3';'$9*!. %'!*,'+"2

$. %' &'(:.+'"9 ,*(.+*!" '$9'7 ?$'+'!," !''9'%!. !""!%" 3"9.:*!. 3';'$9*!,

%'!*,'9.! ,63!.+'"9 ,*(.+*!" )>' %' '$,*9 $6",. 3*&*( #$ ';:',':'!," %#$2

!.;:',"":!.+ &"$$'$/ #(*("!*!,5.$6#!*!.(. ..("!,',*+07


