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 !" #$%&'()& *+,%'&-(.& F /)&0)( 12('

 !"# $%&! '(()!#*% (!! +(+* $#,%!&) - !&.)*($ $#,%!M0 $#,%!& $(()/&+*&"(

X0 0( +%%/#+($ $#,%! M1 $#,%!& $(()/&+*&"( X11 2%!,($%3 %) !&.)*($

$#,%! 45 %/&0#.) +%%/#+($(*) - +%%/#+($(*) $#,%!&*) 45 '6&$(!&+ !&.)*($()

$#,%!&) *((,( 7+*%%/&,%* 4*(,% 8(/($%%)/&)% '99/)#*%, :59&)%+* '6/,*#*)(,%*

$65% 8(/($%%)/& 5#!!&"(;1 <%%"( 45 $#,%!M0 : y = c0 + ε %/&0#.) $#,%!&*)
M1 : y = c0 + c1x + ε3 *%*) +%%/#+($(*) $#,%!&*) *((+*&$% !&.)*($(3 +#&
'6)(+*&$% c1 = 01 =()%$(()&!&*%!) +4//%+)*%$(!) +&/0( 8(5,#!)> ?+* $#,%!
45 )%&*% %/&0#.)3 +#& C(X0) ⊂ C(X1)1 =%&% *44'&+* 45 )%*)&,(3 +(* !&.)*($(
$#,%!& +(*#)($&5% 45 6&"#*)()#, :5#!!.?84)%%*> !&.)*($ $#,%! 45 6&"%; '6&

*#55&'(, (5,$%, $%&, +(*#)($( +%%/#+($() $#,%!&)>

H0 : y ∼ N(X0β0, σ
2I)

H1 : y ∼ N(X1β1, σ
2I)

@(5%$% )9.%!%> +#& !&.)*($ $#,%!M0 45 6&"%3 *&&* 45 6&"% +( +%%/#+($

$#,%! M11 <%!"&)#*> A#& C(X0) ⊂ C(X1) *&&* 45 '6&$(!&+ !%&,( $(()/&+*
M *%!!&*%!)3 %) X0 = X1M1 A#& !&.)*($ $#,%! 45 +4//%+)5%3 *&&* '(!&+#

β1 = Mβ0 +4//(! 45 +( +%%/#+($ $#,%! 6&"%> X1β1 = X1Mβ0 = X0β01

B5)#, 8%()?+&* %%!,($%3 %) +%%/#+($ $#,%! 45 &"(! 0#.#! 6&"%1 =%&%

*44'&$% '(&, )%(,(3 +(* +( !&.)*($ $#,%! 45 6&"%1

A#5( 45 ?+* $#,%! %/&0#.) )%&*%*)C D(()($% 8((/& 59&,%)1 A(.%* %*&$%*%*

59&)%* 45 !&.)*($ $#,%! %/&0#.) +%%/#+($(*)1 D&&$(*%* 59&)%* 45 )%"%$&*) ("(

$#,%!&)%"(3 $&!!%* ?+* 84!% '((,%!,(' )%&*% $#,%!& !&.)*#*)#*%5( :*%%"( %& *((

5%&, $#,%!%&, '6//%!,( *&&5 8%()?+&* )44,#, !9.%5%$&*% (E&!;1

FG
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 !"#$ %&'  !"#$!%! &'()*(("+,+"-. ,!!/(*%! 01+ 0!.%!2

3.-$!,-4 -$ (.-,- ,11$*#% +*+,-"$- /-"/,+"$ &!./! /(.,-" ,!!/(**!"

5 6!'7#,!!.4 8!'$#,!!. 7! 6++#,!!.9 :)!" ,!!/(**!" (.-,- '-!!."-.$ /;<

"+$.-*#% +*+,-"+ /!=-" (,!0!.+$"#"-" >6!'7#,!!.? @++,"+ 7! A!/# 0!..!"B 8!'<

$#,!!. 8!'$# .+**!" 7!  (*)#$! 0!..!"B 6++#,!!.  C'%.! .+**!" 7! D,,!"$-

0!..!"E9  ()#$!0 !*%,-"$+/ 01+/" 0C.7! *C=! "-..+*-?

F!./ G!!/(*% @!.%

Y1 6!'7#,!! @++,"+

Y2 6!'7#,!! @++,"+

Y3 6!'7#,!! A!/#

Y4 6!'7#,!! A!/#

Y5 8!'$#,!! 8!'$#

Y6 8!'$#,!! 8!'$#

Y7 8!'$#,!!  (*)#$!

Y8 8!'$#,!!  (*)#$!

Y9 6++#,!!  C'%.!

Y10 6++#,!!  C'%.!

Y11 6++#,!! D,,!"$-

Y12 6++#,!! D,,!"$-

 !" +*+,-"- &!.)! &'()*(("+,+"-/" &++"!H I!/$('$#**#"- J,!!/(*%K /!"#<

$!,+"-"$ 01+ "!!,- &!'-,! ,#%-.+ $#**#"$ J0!.%K /!"#$!%-"2 F'()*(("+,+"-/"

,!!/(*%! /!"#$!0! ,#%-.+ ,#%-.+,!!$'+/"X0 7! 0!.%! /!"#$!0! ,#%-.+ >/--<

'#/!,! ,#%-.+E ,#%-.+,!!$'+/" X1 *C-0!% 0C.7! *++?

X0 =











































1 1 0 0
1 1 0 0
1 1 0 0
1 1 0 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 1 0
1 0 0 1
1 0 0 1
1 0 0 1
1 0 0 1











































X1 =











































1 1 0 0 0 0 0
1 1 0 0 0 0 0
1 0 1 0 0 0 0
1 0 1 0 0 0 0
1 0 0 1 0 0 0
1 0 0 1 0 0 0
1 0 0 0 1 0 0
1 0 0 0 1 0 0
1 0 0 0 0 1 0
1 0 0 0 0 1 0
1 0 0 0 0 0 1
1 0 0 0 0 0 1











































 #*! C(X0) ⊂ C(X1) "++" (* ;/" 0!!%-.%!0 ,#%-. -'+7#=$ $-+"-"$9



 !"! #$%&'()& *+,%'&#(-& F .)&/)( 01('  !

 !"#$ %&'  !"# $%%&$'#& ( "!# "!#)&!*! $%+,$!& -%' $%%&$'#&, ",#".

$'#&/

011-'$, 2314511#'*! +!#&, "!!+)6 7,'+ 15 i. +!2#, "!!+) 2314511#'$'#,"#
"!#)&!*! "!"# &)55)#&8

 +!#&,!3#&' 211+& $%%*,&)* +!2#, 2'"")# 9x1i:

 +!2#,-!5,$! 211+& -;'*,&!- +!2#, 2'"")# 9x2i:

<!+'$, "!=, $)*,+' -!=,+6  ,,3)"!$ $)*,+ "!#)&!> 2314511#'$'#,"# 5''

+!2#,-!5,$! ")' "! +!#&,!3#&' $%%*,&)* 2'"")#&8

yi = c0 + c1x1i + c2x2i + εi.

?'=&#!$ $)*,+ "!#)&!> !4! "!!+) 2314511#'$'#,"# "!=, 2'"")#,$%%&$'#, ",#".

$'#&8

yi = c∗0 + c∗1(x1i + x2i)/2 + εi.

@11*)* $)*,+'&, 2)=)+ 15 +'=&#!$ $)*,+ ",,3)"!$ ,3'A)=&B #,#& -!+'*,# c0 =
c∗0B c1 = c∗1/2 A! c2 = c∗1/2 #!!$, ",,3)"!$!#& $)*,+'#& +'=&#!$! $)*,+'6

 !"#$ %&(  !"# $%%&$'#& ( "!# "!#)&!*! +!#&,!3#&' -%' +!2#,-!5,$! 211+&

$%%*,&)* +!2#, 2'"")#&/ <!!&!$, ,,+$'#,# 5;'&,# "'3A,+*!&)* 1+)"13*! (

2314511#'$, +!2#, "!!+) 2'"")#, A;34'6  !# 2,!"#'$, "!#)&!$! +!#&,!3#&' -%'

+!2#,-!5,$! 211+& $%%*,&)* +!2#, 2'"")#&/ C=" "!# 2,!"#'$, ,,+'#&!$! $).

*,+'&

yi = c0 + c1x1i + εi

-%' $)*,+'&

yi = c0 + c2x2i + εi?

@11*)* $)*,+'#& ,' #!! ")$>!4' -!!*,+*! ")' &,'#, $)*,+' ,3'A)=&) 9-;+A!

!3-!&)* A)=)+B ")' +!2#,-!5,$! A! +!#&,!3#&' $%%&$'#&)+,$)#,* +!54,-!* &;2.

#,+& "1""):6 0,,4! ,' #!! 5,5*, "!=, $)*,+' #,!#& #1>'-!'$!& +,'*! ";,#1+,-!

2,!&D"'# ";#'&+,$'#& +,'*!-!&, $,,&1*'&, !>'+6

"#$%&' ()'#')&%&* +&' +&'#)&%& ,$-)'&.&) /0$ +112#+&.&) .#%1,$)3 4,%$5

61 72$6)'$$7 89:+-&.$ -&;1.16(& 72$6)'$$7< (6 =>2?.$61 @ +#$ 7(,1 87$$'&5

/&,)< )016%#'.&)12$&,$* .$' 2>>?$+' +112#+&.& .#%1,$ +&'#+'* '$$' 11,$')&.1

,$-)'&.&) .#%1,$)A "#$%&' '$$' .#%1,$)1 +(22&, ()'#')&%&* +&' &6%.1% B'#65

6$/&%C .1$% +112#+&.&) .#%1,$) +&'#)&.& /0$ .$))13

D&&)&.1 .0,1.& .#%1,$ 72(?6(('1 /&&),#'/1+)(2$,1* ŷ0 = X0β̂0 =& ŷ1 =
X1β̂1A "#$ ,$-)'&. .#%1, (6 +& 0$?1* '$$' 71&+' 72(?6(('$%1 /&-1 ŷ1 − ŷ0
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"#$%&' ()*+% ,-#$$*$).%/'-%01 %.+ 2345-446*/% %3*-%(#6"% 3##"#/% 6#&&'

(ŷ1 − ŷ0)
T (ŷ1 − ŷ0) 2%'+6 "#$%&' 2*6*+%7 8%/' 3##"#/% 6#&&'" 6''9 +*3:'

2'--' +' (%*/* "%*6%$ &4%$;

(ŷ1 − ŷ0)
T (ŷ1 − ŷ0) = ((PX1 −PX0)y)

T (PX1 −PX0)y

= yT (PX1 −PX0)(PX1 −PX0)y

= yT (PX1PX1 −PX1PX0 −PX0PX1 +PX0PX0)y.

<#-' C(X0) ⊂ C(X1) 6**6 $%*/#9 &''"3*+6 M -**1 %" X0 = X1M7 8%%5'

PX1PX0 = PX1X1M(X0
TX0)

−X0
T

= X1M(X0
TX0)

−X0
T

= X0(X0
TX0)

−X0
T

= PX0 , 7=0

:' :)3%$*+#$"

(ŷ1 − ŷ0)
T (ŷ1 − ŷ0) = yT (PX1 −PX0)y.

<#* 6##3" 2345-446*/% %3*-%(#6" (>*+6*&% -).'1 +#* &>$%&'/ &#/%$*/

4- >*5%/? 8%$$%$% +@6*&#6%$% '*"'9 ('6"'"' &%*$% :#9' "#""'( ('$%& ,(''"'

$%&&'" A7=0; ByTAy = "3(AV) + µTAµ7 8%/' ('$%&*" :' ").*6"#6* p0 :=
3'-+(X0) :' p1 := 3'-+(X1) +'6#"'/%6 (>*&% +*3:#"'/';

B

[

yT (PX1 −PX0)y
]

= "3

[

(PX1 −PX0)σ
2
]

+ βT
0 X

T
0 (PX1 −PX0)X0β

= σ2(p1 − p0) + 0,

8%6" X0
TPX1 = X0

T
,&%%-#"'; XT

0 = MTXT
1 0 :' X0

TPX0 = X0
T
7 C%*6*6>D

-#1 -#$$.@24"%%6* +%."*/%6;

B

[

yT (PX1 −PX0)y

p1 − p0

]

= σ2.

E%%-#"'&%1 %" 4$* "%*-%5* -*.+%"' .*--'-5 :))+*/% /*62%36*44-*$%1 E8B;

B

[

yT (I−PX1)y

n− p1

]

= σ2.

F**&'-% .*--'-5 4- >*5% +' 6**61 +#* $*."6'& &#/%$ %* +%."* ,+%%3#+'& &#D

/%$ 4- '5' 6**6+* >*5%07 8%%5' (>*+6 -%-/% +'.% .*--'-5# 6#.% -#$$.@24"%%6*

+%."*/%6 ,+#* &>$%&'/ &#/%$*/ 4- >*5%/0 4$$' $*5*+'#/# =;

yT (PX1 −PX0)y

p1 − p0
/
yT (I−PX1)y

n− p1

H0

≈ 1.
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"#$ %&' %$&#()( *+(,- ./'0 ,(( ,&+( 1&+-$)- 2&+&,( -/--& %$)3&3$4

5((6&-$7( *+-8-(',- 2$9-&,-( %9+-$:

;&' y ∼ N(µ; I) 2$A 96 ,*77((-<')'6( 2$ '3(719-(6-6( 7$$-<'%, =AA =
A>? ,'', yTAy ∼ χ2

df=<$6%(A);µTAµ
: @((#$? 6&))+*19-((,' %(+-'3(, =Xβ =

X0β0>A

(yT /σ)(PX1 −PX0)(y/σ) = yT (PX1 −PX0)y/σ
2

∼ χ2
p1−p0;β

T

0
X0

T (PX1−PX0)X0β0/σ
2

∼ χ2
p1−p0;0

2$

yT (I−PX1)y/σ
2
∼ χ2

n−p1 .

B**3 .(() 7((6&-&,-A %&' X ∼ χ2
k 2$ Y ∼ χ2

l 96 ,/)-&7$-&3 2&+&,)'%&3

,&&<&,(3? ,'',

X/k

Y/l
∼ Fk,l.

CD<()'%&)-? %&' )&#(2$ 2$ 6'7(-$2$ 9)(%,'3 ,/)-&7$-&3 =+(-%( 1D<$,- %96-8

<9))'7(>? 9)(%,A

yT (PX1 −PX0)y/
[

σ2(p1 − p0)
]

yT (I−PX1)y/ [σ2(n− p1)]

H0

∼ Fp1−p0;n−p1 .

;$, )&#(2$ 2$ 6'7(-$2$ 96 ,/)-&7$-&34 @())( 6D'-$7',(%, 1'',$0? %&' ,$$%8

,'7( 6D'3$-$ (PX1−PX0)y 2$ (I−PX1)y ,/)-&7$-&,- =,(,- f(X)⊥g(Y ) %&'
X⊥Y >: ;&6$

(

(PX1 −PX0) : (I−PX1)
T
)

y 96 7'-7(7//-7()',( 69<7$$)8

2$9-&,(#$ =%&' y896 69<7$$)2$9-&,(#$> ,'', 1'',$0 ,/)-&7$-&,( 6D'-$7',(%,

.$'3 ,())(,-? %&' ,&&3$7( 6D'3$-$ ./<3&,- E9. [(PX1 −PX0)y,(I−PX1)y] =
0A

E9. [(PX1 −PX0)y,(I−PX1)y] = (PX1 −PX0)E9.(y,y)(I−PX1)
T

= σ2(PX1 −PX0)(I−PX1)
T

= σ2(PX1 −PX0 −PX1 +PX0PX1)

= 0.

@((#$ ./'7( 2D<()3$3$? (-

yT (PX1 −PX0)y/(p1 − p0)

yT (I−PX1)y/(n− p1)

H0

∼ Fp1−p0;n−p1 .
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!""#$%#& '()$# *+),$*#,-# .(-/ +00% *%#" ,$%1'-#$#,& $,

yT (PX1 −PX0)y = yT (I−PX0 − (I−PX1))y

= yT (I−PX0)y − yT (I−PX1)y

= SSE0 − SSE1

$2* 34+5)++#-1$ $4-)$."#,$ 4"","1$ #"''% +) #%'%& '-# 0-2,#%'% '"1$0-

677*-1$ 4"","1$ #"''% 8SSE09 '--)"# *$$4"*%'% '"1$0- 677*-1$ 4"","1$

#"''% 8SSE19:

 !"#$%%"

;++.-,%*#$ .(44$01% *%2,$ '"1$0-,<

!"1$0 =< Yij = µ+ εij , i = 1 . . . 4
!"1$0 >< Yij = µ+ αi + εij , i = 1 . . . 4
?%*# $4-)$.%, ,$%10%#, +) +'%$)1% 6"2"#0-*$ .%0-'-,$ 3(26%0 8'(0$'%1

.%0-'-1 +) #(0,"'%,"1& *"-1 .($,"1 #%'%#, 3+3"0%,#-++)-#,9 *-46$01%)"1 @2,$

)$-#, '"1$0-,$#,: A#-'$)$ ,$%10%)$ +) 4%3+4,$$4-)"1 $#-'$#$ '"1$0- 677*-1$

4"","1$ #"''% SSE1& +'% .%%,0"#,$ %4." n1 6% %)1)"1 *% 3%4%'$$,4- µ
2-)%)5": B-#%*# ,$%'$ *% ,$'% 2-))%,"1 3%4%'$$,4-,$ %4."& p1 = 1: C$-)$
,$%10%)$ +) %5% +'% .%0-'- 3(26%0 2-))%)"1 *$$4"*%'% '"1$0- 6% 4%3+4,$$4-D

)"1 *$$4"*%'% '"1$0- 8'"1$0 >9 677*-1$ 4"","1$ #"''% SSE2& *$$4"*%'%

'"1$0- 3%4%'$$,4-,$ 2-))%)5"1 8#, ,$%'$ *% 34%'$$,4-,$ %4."& p29 6% .%%,D

0"#,$ %4."1 -5%# 54"3-#:

?%# '$ .(-'$ *%#",%1% '"1$0-,$ .(410$'-#$*# ED,$#,- *"6"0<

F =
SSE1 − SSE2

p2 − p1
/
SSE2

n2 − p2
?

F(26$)1% +'% +,#"#,G

?"- %4.%1& $, %),"1 ,$#,#,%,-#,-*", .(-/ *%#",%1%& #--# '-00-#$ 6%+,"#$5%

+) ,$#,#,%,-#,-* )"002@3+,$$#- *$2,-1$#H



 !"! #$%&'%( )&*+&&%,(-('&'% (.%&,/,&%0%'(**.('%  !

 !" #$%&'%( )&*+&&%,(-('&'% (.%&,/,&%0%'(**.('%

"##$%&'()*$+, y -)%#./ ()*$+,,&&01' R
n
2 3#4#0) ')%%) ()*$+,,&&01 *+%0)*'

5+,$+4+6##%')*'7 +'#*'8

R
n = C(X1)

⊥
⊕ C(PX1

−PX0
)⊕ C(X0),

*&' ⊕ $9:1'$#. ()*$+,,&&01;) +$')'&00#$2

<#6) $9:)%)8 C(X1) = C(PX1
−PX0

)⊕ C(X0) ):* ()*$+,,&&0 C(PX1
−

PX0
) *1,=)%;#. *)),&*#0# 0&;)%1 >++%$ %1'#$#(#$ +'# 5(?1 $91)6;#(#$ (#.#@

;&'$7 *&' >,+46++'1()*$+,1% ŷ %&.#$#*') (11.1;#2

A@$)'$ *+6$,+%%1.B *#' (##$%&'()*$+,1 (#,1 50#$)0##$1%1')' *))%)' >,+=)*$@

'1++67 ,&&01' C(PX1
−PX0

) +6 '#0# :C>%)( *&1 ,&&01' C(X1)
⊥
B *&' *+4&

(#,1)),&(&' +6 0)1%) $)#;#+%)(#%$ >?:=&'$#$&; (#1; =&:&')'$2 D&1 *#:$%&'#%&@

')' +'#' (##$%&'()*$+,1 (#,1)),&(&' +6 '#0#'&4&6) 6#4& $#&'$#(#,1)),&(&'B

'11' >+%) 0)1% +$')')%$ (#=#;&'$ +0# %1:$'#0# 0&;)%1 0&;)%10##$,1*'1 >++%$

4)6),)),1$#(#$ ()*$+,,&&01 C(X0) $91)6;#;#2
E9,*&'8 ()*$+,1 y +,$+4+6##%') >,+=)*$'1++61 ()*$+,,&001;)'') C(X1)

⊥
B

C(PX1
− PX0

) =# C(X0) '##0) %)1;# (#'$#(#%$ >,+=)*$'1++610##$,1*'1$) I −

PX1B PX1 − PX0 =# PX0 #.1%B *&'=&&,)' +6 %1:$6) 69:#B )$ 01'$#:)' >1*@

*&')4# n ()*$+,1 *+,,#% y = (I − PX1)y + (PX1 − PX0)y + PX0y2 F1@

'#*' +6 (#%)01$  2G *#'&$#;)' %1:$6) =9,)%;#;#B )$ *?1* '##;&; >,+=)*$'1++61;

5(I−PX1)y; (PX1−PX0)y =# PX0y7 +6 $)16)$)1')4# ,1'$1 ):* +,$+4+6##%');2

H91;)2

I):#*') ')1$') 0??$01'$2 D+%0) )'10)') 0??$01') #=#% +%)0) *16;%#;B )$

'146##%1 >+%) J *?1* 01;# 69)0)B +6 0C,#8 Yi = εi, i = 1..32 D#*' (110#'$

0??$01'$ '1'#%;#(#; *16;%#%$ '146##%1B Yi = µi+ εi, i = 6; 72 K4# (#:)>)#%');

0??$01'); J 6)6;) >&:&% >+%) 0) *16;%#;2 "?1. +%%#B )$ (##$%&'$)  =# !

*+,,#% *):$1. %1:$'#0 0&;)%B Yi = εiB #4# (?1. +%%# #%4#' '146##%1 );#'$#016)

(#,)0B =# ?14)0 +%)*' *)),&*#0 (#,1#6$ J Yi = µi+ εi2 L:* $)1'1'?6& J 0)

)1 $)#B *#' '+.1(#*' 0&;)%1*' +6

X0 =





















0 0
0 0
0 0
0 0
0 0
1 0
0 1





















(?1 X1 =





















0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1





















.
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"#$%& '%(%) *# )+($,-. .%&/) /0+'%($ 1//0%1-.-,$2

3--$-./4 .+))+,/ 5-0'% (/+&-6 5--$)%,5/1$*0 (78*$//,+&/ $/,$+.+,/ ,/+,%9

1*(-,$ *)%)+,$/,,/ -)-.0%%.+&/,,/2





















2
−10
5
−4
8
89
60





















=





















2
−10
5
0
0
0
0





















+





















0
0
0
−4
8
0
0





















+
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0
0
0
0
89
60





















y (I−PX1
)y (PX1

−PX0
)y PX0

y

0-#1 = 6 0-#1 = 3 0-#1 = 2 0-#1 = 2
5--$)%,5/1$*0 1+#&)-,$+ .70- /6-,/):/ 1+#&)-,$+ .+&-:+

.

;+#&-./ '<<1+&/ &+,8/0,+**#+ 1-(/) 5++,+)2

=+,8/0,+**#+(+##-#:% yT (PX1
− PX0

)y/0-#1(PX1
− PX0

) = ((−4)2 +
82)/2 8%(%) '-:-./ '<<1+&/ 0%%$%&/ ,%..-$ 1-(/:-4 ,/,$ >,+,%)+,/)$? 1-,%9

$-./ /,+-):,/$/,$ 5--$)%,$/,$ 5-+& 1-($/2

@%+ (+#&-./ '<<1+&/ &+,8/0,+**#+ 5-)/.+:- yT (I−PX1
)y/0-#1(I−PX1

) =
(22 + (−10)2 +52)/3 ,++, '-:-./ 0%%$%&/ ,%..- )<6+ A9:-4 ,/,$ ,+,%)+,/)$ 1-9
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