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M0 : y = c0 + c1x+ ε

M1 : y = c0 + c1x+ c2x
2 + ε.
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H0 : λTβ(= vTXβ) = 0

06$1"6$%,# 367#, +366"6 )#6"(00% @2 t5$"6"%$"%01" 0181/

t =
λT β̂√
̂

A

(
λT β̂

) =
λT β̂√

MSE · λT (XTX)− λ

=
vTPXy√

MSEvTPXv

H0∼ tdf=n−76-0(X).

B6,6$ *- /%$60%"$#-&1$ vTXβ = 0 366&#/&63 01% -41#< #" 366"/1$3#0"*7 #%
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X0 := (I−PPXv)X + >C2

3##7.1&# )**/" ,**&1$"6"1& 3#0"*7711, C(X0)> D%,#/" C(X0) ⊆ C(X)< $#$"

(I−PPXv)X = (I−PPXv)PXX

= (PX −PXv(vTPXv)−vTPX)X

= PX(I−PXv(vTPXv)−vTPX)X

= X(XTX)−XT (I−PPXv)X

= X ·M,
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1-& ).) #!"'&2 %-,,"345'!!/$ λTβ(= vTXβ) = 0$ /&&/ #) 6y ∈ C(X0)7

6y = Xβ

= PPXvXβ + (I−PPXv)Xβ

= (I−PPXv)Xβ ∈ C(X0)
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=
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MSE
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= (I−PPXv)X

(
((I−PPXv)X)T (I−PPXv)X

)−
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F =
yT (PX −PX0

)y/1

MSE

= yT
(
PX −X0(X

T
0 X0)

−XT
0

)
y/MSE
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(
PX − (I−PPXv)X · (XT

0 X0)
−XT

0

)
y/MSE

= yT (PX −PX(I−PPXv)X · . . .)y/MSE

= yT (PX −PX(I−PPXv)(I−PPXv)X · . . .)y/MSE
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(
PX −X(XTX)−XT (I−PXv)PX0

)
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(
PX −X(XTX)−XT

0 PX0
)
)
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(
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)
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= yT (PX −PX(I−PPXv))y/MSE

= yT (PX (I− I+PPXv))y/MSE

= yT (PXPPXv)y/MSE

= yTPX

(
PXv

(
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)−
vTPX

)
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(
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)−
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P (F > q) = α⇒ P (t2 < q) = 1− α⇒ P (−√q < t <
√
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yT (PX −PX0
)y/(p− p0)

MSE
∼ Fp−p0;n−p,

$*' p := 40)$(X) 50 p0 := 40)$(X0),
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B&&.0)" <C&2" <0508 <"&2& %C9'*'%*'%0.&'%+ $*)0 9**2*%08 #&))0%0< 90:

40.""%"4?*)$%'&33) λTβ 0&)*1% 9040.""%"4<"$%34& 3'0 β1:%"= D&&'/ $*& λ
Tβ =

vTXβ = vTX0β0 + vTX1β1 = vTX1β1 "#$ $*& vTX0 = 0, E1%"4)0%&&<'"1%

$&450 90)2*1%+ PXv ⊂ C(PX − PX0) @'"'% $*& vTX0 = 0 '&&' $0 PX0v = 0
50 (PX −PX0)v = PXvA,

F33.*1&$*1% <(&." "4&)"<0&2 9040.""%"4<"$%34&% β1 9**2*%0<0&2 1&)"004:

$3.8&)0%'&33)" λT
1 β,λ

T
2 β, . . . %"'%&20 $0 31*1&'*'" )&<331 α %0<01&'%" t:%"'%&2"

08&1 @)0;* %";&." '"20 9"0%7$&' GA/ $*&2 '"11&'"1 5*#*1 <(&$'&." $(&;& %"#%*2

%"'%&2" 9"01" $3$$* %"#0 H:1&&$& <&;0 .C4$'0 '**4".0 %(")C3'*'";0 $*& α, 6*&

0;0 '33<&."/ "% $(&$.("120<0%" 9040.""%"4<"$%34&% β1 9**2*%0<0%" #&))0:

%0<0%" 1&)"004$3.8&)0%'&33)&2" %"'%&.&'"1 "& %"#%0$' H:1&&$& <&;0 $(&;& %"'%&2"

9"01" $3$$* '**4".0 %(")C3'*'";0 $*& α/ '&&' %0'*$' %"'%&.&'"$' $0'*%020

DI#"JK .""%32&%,

DI#"JK .""%32& $34401 $*..*%0." )*11#793%""'& H0 : λ
T
i β = 0 '&&'/ $*&

β̂
T
λiλi

T β̂/(p− p0)

MSEλT
i (X

TX)−λi

> f1−α;p−p0;n−p.

B(421*'"$'+

$*& '33<&$'&." %"'%&20 <0&2 7#%" #793%""'&/ '&&' %:'%0%&'%&$*% $0'*%02"' @%:

'%0%&'%&$* 4**%* $0'*%02"'A 5(*0$'&." 5C4;.&'" 3%'*'%*'""'$&450)&+ <(%0 <0'%*

01%"4)0%&&<)" #793%""' $*&

β̂
T
λiλ

T
i β̂

MSEλT
i (X

TX)−λi

> f1−α;1;n−p.

6*& 0;0 $0'*%0$'&." L:%"'%& <(421".0$' .*2"1"&2 .*2"1&.00%4&$'&%";0

X 50 X0 '&&' <(%0$'&." <0'%* 01%"4)0%&&<'" #793%""'& @9040.""%"4<"$%34& 3'0

β1 3) '&&'$& <050A '&&'/ $*&
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yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p.

"#$%&'( )'*$''+ ),'-)./0 ') 123 +24'53)' (,$45'+3-'1- +,'5424 F 6)'-)

(,)./ (.-)2 .5)'$&.)33(-' 789*)''-30 -33- 5'342/ 1. -'553&' (.34 9.$.+'')'$('16

)*$3) β1 92242).( 73&&.).( 53&'..$1*+/3&.)-3**& λTβ +355' 92725 :;7'<=

+'')*4 12++2)./ &25789*)''-3 H0 : λTβ = 0> :.+2)3 1'7)3/ (.-)293436

&' (#34' ? 123 :;7'<= +'')*43 ./35 ,&&'-)2/ +3&%3 9.$.+'')'$('1)*$3) β1

92242).(. 73&&.).(. 53&'..$1*+/3&.)-3**&3 @.*1- &255789*)''- 12++2).4.0

-33- 9'./ 1. F 6)'-) &255789*)''-3 12++2).+. @. $311.+. +24'53 1.-21- *)6

-2-).+.>

 !"#!!$ %&'

yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p A >BC

⇔
∃v,vTX0 = 0,

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTX(XTX)−XTv
> f1−α;p−p0;n−p. A >DC

E,'-)2-' 34''>

E,'-).+.1-0 ') 1'7)3/ (#34'

a > b⇔ ∃x, f(x) > c

(,3+' &#34.).0 ')

F> a > b⇒ ∃x, f(x) > c

B> a ≤ b⇒ '3 5'342 -'553-) ('1)*$3) x0 +3- $.7254.1- &,2') f(x) > c
'71

a ≤ b⇒ ∀x, f(x) ≤ c>

E,'-)2- AFC> G#3).+'0 ') 123 1'7)3/ A >BC0 -33- ),'9**5'-) '1-3-)''$3/ (#6

7'+.5) 81- ('1)*$ v0 &33 ') 1'7)3/ 1. (,$$.)2- A >DC> H''&42+'0 ') 87'1-

(,$$.)2-) $.7254.(.1- ('1)*$31- *& ('1)*$

v := (PX −PX0
)y.

I.&'+' )#7'5'0 ') vTX0 = 0 A-'-) X0 ⊆ C(X) @. -''%. 1. PXX0 = X0C>

J& 537)&' (''&424.0 ') λTβ := vTXβ = vTX0β0+vTX1β1 *& 73&&.).(

@. -,5)2/ (.34 9.$.+'')'$('1)*$3- β1 .-2(.)'-) )2&4+.)2)'-) 9.$.+'')$3)'-)>
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"#$%&'#()* +#,$'&( v +--.'&*) +/..#'&**) 012 3# #.+)*'#()*4 )' PX(PX −
PX0

) = PX −PX0
4 *##5)

β̂
T
XT (PX −PX0

)yyT (PX −PX0
)Xβ̂/(p− p0)

MSE · yT (PX −PX0
)PX(PX −PX0

)y
> f1−α;p−p0;n−p

yTPX(PX −PX0
)yyT (PX −PX0

)PXy/(p− p0)

MSE · yT (PX −PX0
)(PX −PX0

)y
> f1−α;p−p0;n−p.

yT (PX −PX0
)yyT (PX −PX0

)y/(p− p0)

MSE · yT (PX −PX0
)y

> f1−α;p−p0;n−p.

yT (PX −PX0
)y/(p− p0)

MSE
> f1−α;p−p0;n−p.

6$$5#7) #+#,($* 87 #%# '/)7) ')9'&( )),(&*) :01;< =89#*),'1

>??( +/'#5) )'') '/)*'&*) ')$*) @88,) :;< 3# 7-$'#5)4 )'

yT (PX −PX0
)y/(p− p0)

MSE
≤ f1−α;p−p0;n−p

⇒
∀v,vTX0 = 0 :

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTX(XTX)−XTv
≤ f1−α;p−p0;n−p.

"#7)5) )*5#,' '-9),)4 )'

β̂
T
XTvvTXβ̂/(p− p0)

vTX(XTX)−XTv
=

= β̂
T
XTv(vTPXv)−vTXβ̂/(p− p0)

= yTPXv((PXv)T (PXv))−(PXv)Ty/(p− p0)

= yTPPXv
y/(p− p0)

A%#PPXv 87 8.'8%87##,7) @.83)='8. ?9)5//'5),$**) #,#5.&&5$ C(PXv)4
5$* 87 85#=8.(# .&&5$ C(PX−PX0

) #,#5.&&54 C(PXv) ⊆ C(PX−PX0
)1

B),,)* +))7(&5$*)=* 5-.=#4 )' PPXv = (PX −PX0
)PPXv 3# 3-.),$=&,' 87

=/$= PPXv +)).&( )*$'#'#+#( 5##'.$=*$ PX − PX0
+)).%&() ,$7)##.=85C$D

7#'*$887$() =#&(&1



 !"! #$%&''( )&&*+,  !

"#$ %$&'&($ ()*&+, -%./&($,* 0)11)'&,* 2$')0$%$3 ()*&+, 456#166',*&

5))0)*& ')(($ yTPPXvy 61 $#$ $+$0, %.,2'&( -%7, '$($'))53 2), 5,22$($

()*&+, 456#166',*& 5))0)*& ')(($ yT (PX −PX0
)y8

9$/&4$+$

9&&1*)(&: &0 %$&'&($ ()*&+, 456#166',*& *,'4&5',661 -%7, 456#166',*& 5));

0)*& ')(($3 61 $+$0, %.,2'&( -%7, '$($'))53 2), 5,22$($ ()*&+, 456#166;

',*& *,'4&5',661 -456#166',*& 5))0)*& ')(($38

!8 <+#) (&,+ ()*&+ X = (X0|X1)8 =,,' PX = (PX −PX0
) +PX0

>$

yTPXy = yT (PX −PX0
)y + yTPX0

y

≥ yTPX0
y,

'&'0 ($$05,2' (PX−PX0
) 61 (,00&1&#$0,,%'&+0 (..5$0)* -'&'0 0$ 61 456>&2;

0653?

(PX −PX0
) · (PX −PX0

) = PX −PX0
−PX0

PX +PX0

= PX −PX0
,

'&'0

PX0
PX = (PXPX0

)T

= PT
X0

= PX0
.

=&&#$ +,/0'$($ ()*&+, 456#166',*& 5))0)*& ')(($ 61 $+$0, '$($'))5 %7,

%.,2'&(: 2), 2&&5)2$($ ()*&+, 456#166',*& 5))0)*& ')(($ -2$ ',,': 2),

(7+&($* ()*&+,* 61 7,#&*@38

A8 P(PX−PX0
) = PX −PX0

8

9$/&4$+$ +7448

=&&#$ yT (PX −PX0
)y ≥ yTPPXvy >$ >.5&+,2)+0

β̂
T
XTvvTXβ̂/(p− p0)

MSEvTPXv
≤ yT (PX −PX0

)y/(p− p0)

MSE

9,,($1& 61 $#$ 0&/0)* &&+*)'& 0700) %.,2'&( 2), f1−α;p−p0;n−p8
�

B7&'0$0)* 0&65&&(,'0 >.5&+*)C: &0 07&1.6')' 0&/$ D/& %7, &1$($ =E/&FG

(&&06*,+ 261056++,0$%$ /D460&&', 4)/)+ H;+,,2, %,#$ &, 6+& '))5&( 2), α8 I),

0&#&+,2)+0 2&/0,C 1)++/D460&&' -1.,0&2' J$20650)11)' 46+& 6+)+,1&3: ',,' F ;0&'0

&2',C >$ 60')'0$C 2&&5)2$($ ()*&+, 2$')2' 07&1.6')'&#$ α: 07&1.6')'&#$



 !  !"#$%% &' ()#(!*! +,-./0*! (!!#1.).

1 − α "##$% &'(()*+,-%%./ "''01%2 345 "##1%. &'(()*+,-%%./ "''01% "##$%

&'(()*+,-%%./ "''01% 65 67/6/1% 85/1 .%15 956-,0-'&&'.- +''1'-585-% )/&&5:

-585-% +505$%%-%09'&6-./,,&/1% ;<)%=> $%%-,1/( -%.-/$/.%(2

?@A B,&-0,((/1%. 85/1 (7+(/66' 508' )*+,-%%.% ;<)%=> $%%-,1/( ,& -%4%:

(/6 C:(//6/ 8%5 -%4%$/.% -7%&#,.'. %&5$5.-/ $#06/$/.8##0.%(- $515(5$ 6'/ αD
%)6 .%((/.%( "')'( ,& -%4%$/.- *(%(//5 6,&.%085-//8.% $%%-,1/452

?#/1%2 E55-5$% (/)-.5- 1/.+%0./,,&5&5(**./ $'1%(/-F

ykj = µ+ αk + εkj ,

6'. k = 1,2,3,4 "5 j = 1, . . . , N 2 ;,,8/$% -%.-/15 "#04$/.%/1 )*+,-%%.%F

α1 + α2 − α3 − α4 = 0 (λT
1 β = 0)

α1 − α2 + α3 − α4 = 0 (λT
2 β = 0)

α1 − α4 = 0 (λT
3 β = 0)

E50/5&- GF B'/ α1 = α2 = α3 = α4 .//. 67/6 -%.-/-5851 )*+,-%%./1 6%):

-/8512 ;%%45 87/$% +*.-/-5-'1 )*+,-%%./1% +5/65+/158'.- ;<)%=> $%%-,1/(

6,&-0,((/15 "#04$/.-% -%.-/1% 5H/(F

β̂
T
λiλ

T
i β̂/3

MSEλT
i (X

TX)−λi

> f1−α;3;4N−4.

E%/1/ 87/$.5$5 -%.-/ .556./$%D 6'/ $#0656./$%D %- λ3 = (λ1 + λ2)/22
;%%45 %./-5851 8551%(1'1 6,($ )*+,-%%./ (/.5&7'1%/1 85/1 8%6-,00''$/ C(X)
65)% 0''$/$77-$% 6,)-52 ;%%45 87/6./$% 65 8551%(1'1 )*+,-%%.% 6,&-0,(:

(/1%. 87--5 85.-' 5(-%0&5-//8.% )*+,-%%./ .//.D 6'/F

β̂
T
λiλ

T
i β̂/2

MSEλT
i (X

TX)−λi

> f1−α;2;4N−4.

B5 -5,(/&% ,-.'.-'.60/-%%0/'$ -545HD %- C:(//6/ 8/45 67/4/ 8551%(1585-% )*+,:

-%%./1% +%5(% 6,66' %/ -%)-5 .''0%$5 -7%&#,.'.%45 6'/ α2

 !"!# $%&'()%*++,+( -./012 30045(+'

;,,8/$% (%/15 .5$55%4.%/1 (1 − α) '.5(1'.+//0% 67/4/(% +505$%%-%08%6-,0/-

β1:-% +''1'-585/(% )/&&5-585/(% (/&%5506,$H/&5-./,,&/1%(%2 I%/./.7&' J%(1%.



 !"! #$%&''( )&&*+,  !

" #$$%&'( () )*(+,$#-#(./ (1 − α) $0(1#&2 *&.(2 3#&#/02/1#&2 )(.(0&11- 4/5

6/'(()6&)( 0&+(//61$'7&+/)#&$$+& %,,6)-#)8 1*&1 0(&)-2 -#/02-#4&&6&29

:/'//(.#()( -#/02-#4&&6&2( 1$+#)6-((6&'&#(1# %//)/'( %(1)$6&) y∗ := y−
X1β19 ;*&'( %(1)$6&) y∗ 1,#&)0(2/ 1-& %//)0-#%(1)$6&) </ )(#)&2/ =5)(#)& /7&0

'-2(0(&2 '-2(0&'//)6&1#&)(./ X </ X09 >-+/ %//)0-#%(1)$6& y∗ </$1# #$7&7

1/ 0&?)#/' '-2(0@ #&&#

y∗
T (PX −PX0

)y∗/(p− p0)

MSE
∼ Fp−p0;n−p.

:((./

P

(
y∗

T (PX −PX0
)y∗/(p− p0)

MSE
≤ f1−α

)
= 1− α,

1-# f1−α ),?&#)/7 Fp−p0;n−p5</$)-#( (1− α)51%/+)&&0&9

>/#-)/2(# )($6(('& A9B </ ),?&#)/2(# β̂∗ = (XTX)−XTy∗ #//'(@ ()

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
β̂
T

∗ λλ
T β̂∗/(p− p0)

MSE λT (XTX)−λ
≤ f1−α

}
 = 1− α.

C,61/'(@ ()

λT β̂∗ = vTXβ̂∗

= vTPXy∗

= vTPXy − vTPXX1β1

= λT β̂ − λTβ

</ #((./

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ|2/(p− p0)

MSE λT (XTX)−λ
≤ f1−α

}
 = 1− α.

D2/#& %*&'( 0&&1-2/ 0&?)#/)( /0.(76/0&#)( )(&#(+2-#)( /7&0E



 !  !"#$%% &' ()#(!*! +,-./0*! (!!#1.).

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ|2 ≤ (p− p0)

̂
"

(
λT β̂

)
f1−α

}
 = 1− α.

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
|λT β̂ − λTβ| ≤

√
(p− p0)

̂
"

(
λT β̂

)
f1−α

}
 = 1− α.

P


 ⋂

{λ|λT=vTX;vTX0=0}

{
λT β̂ −

√
(p− p0)

̂
"

(
λT β̂

)
f1−α ≤

≤ λTβ ≤ λT β̂ +

√
(p− p0)

̂
"

(
λT β̂

)
f1−α

})
= 1− α.

#$$%&% '&()*&+' ,-./ 0$+&'$%$ 12.')0+ 3)43)++.551.0-,)3$() &+$(%&+3./$

051+'3&))3.*.+)0+6 7.38)(%$4& 12.')0+ ,$$'(&+$1%*).% 8234*.1) 3)43)++.5519

*&%)(:

yi = β0 + β1xi + β2xi
2 + ε.

;)(%$*)< )' =$3$*))'3.') >.1%$*.+)0+ 0$+&'$'$,$+ $1%*)+'.0&+ ().%&/ ,29

>)*$(' ? )3.1),$' '&11&+) X ,223'&+'6 #)((.+)( 8&>&( 51 =$3$*))')3,)0'53

βT = (β0;β1;β2)
T
>.11$'$, 8$ p(= 3$10(X)) = 36

#55,.*) >.11$'&% 3)43)++.551.8551' 0&8&'$,$( 8551.+)( 12.%$'$ 0$ @<AB9

&+$(%&+3./$ C 3./$< 0&>& ,$>)() ')4)(.0 3)43)++.551.0-,)3 822/ '-)125+&+)4$

@<AB D0)+0*.+)(' ABE ,$(.*.') 0533$( ). 0$(%& ')4)(.0 +)5+' .+)(55*&+'$, 3)49

3)+.551.8551 0$+,-. 0533$0+0. C *.'') F>)4. x9. ,223'&+) 0533$( C 8551.+)()

0$1'&% &+$(%&+3./$+' ,2(8$G6

H+$(%&+3./$ 051+'3&))3.*.+)0+ '$>$*) ().%$ &+$(%&+.1')3,$(() =$3$*))'9

3.') (.1)$$305*/.1$'+.551.%)() 0&8&( β0 + β1x+ β2x
2
6 #)$(8&&3)+ +55,.*)< )'

'-)125+&+)4$ @<AB +$$0+.*) ,$(.*.< 0&+ 0-.4. ,$$%)(%&% (.1)$$305*/.1$'+.559

1.%) =)$() 0500& C F0+0-.0 0&. =$(8& x9. ,223'&+).% *) 0$ 8551.+) ')4)*.+)0+

(2/. ). ,$$'$0+ C ). )+.1)0+ F>')4. ,.4$ D$($'. 0&&(&0+ ')4)(.0 =$3$*))'3.9

') (.1)$$305*/.1$'+.551. ,223'&+ ,2(8$=$0&'&% ,$>)*.00&G6 I$1)*) '2>)()<

)' $1'&% 8&>&( >-(*$,$% *).% >&,.'$,$% (.1)$$305*/.1$'+.551.% 0-.0. =$3$9

*))')3,)0'53. )()*)1')< +))4$ p0 = 06 #55,.'&% &+$(%&+,$>)*.0&% 51 +))4$

0&8&(

β̂0 + β̂1x+ β̂2x
2 ±

√
3"̂

(
β̂0 + β̂1x+ β̂2x2

)
f0,95,
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"##$%& '()* +&,-./&0%1, 234565 7558#.%-
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9/& f0,95 #$ F3;n−3:;,#8/&5 <=>!:9?,$8%%-( 2,,./. /&,-./&0%1, %&5-##7/&:

8,1 ;##$%& '()= 9/& #$ @0, 8##./. $%% 23456A 7558#.%- 9#$&80/550%8/. <=>!:

/&,-./&0%1, 9/% 9, %B, x:% ?@@08/&5 9#00,- -5%8/. C8,?,-%&5.D $$ E/$98%?%%&%-%&5.
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