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 !" #$%&'()'*%%+(',-.* /, 0(&&,',-.*

!"#"$%&'" $""("$) *+,-"$) .+(+/))-)( θ ,0 &1)0-&2-$))(&-+34 '"& '+#) .+5

(+/))-(& θ 36&/+%&'" 377(-"$) θ1 *+ θ2 ',((+% *7()%1"8 *+,-"$9"0'-$&,,0&1)

36(1$"$)$- .+(+/))-(&-) 36(1$"$:

Fθ1(x) = Fθ2(x) ∀x ⇒ θ1 = θ2.

;&&'"1)$ /"1)%&-) *+ 3+%&/&-) *""(1) 36&/) <)%1+: .+(+/))-)(3)'-,( θ ,0

&1)0-&2-$))(&-+34 '"& 3+%&/& -6).7(+9"0'-$&,,0&1) 36(1$"$)$- *7()%1"8 .+(+5

/))-(&-) 36(1$"$:

L(θ1|x) = L(θ2|x) ∀x ⇒ θ1 = θ2.

="& 3+%&/) $)%%&$) .+(+/))-)(3)'-,(&4 /&$ )& ,%) /&$'&-/,,1& ""(&-+3+

-"00"$)>+ $),-"14 $&&$ .+(+/))-)(3)'-,( .,%) &1)0-&2-$))(&-+3 ?.+(+/))-)(5

3)'-,(&-4 /&$ $&$+%1+8 ',*+/)#) 3+0+)/+ $@00&++$-+-4 )& $++ &1)0-&2-$))(&1+

'&(*+5*+5'"%%& 3&$'+/&$) -))% A '&(*+1)5'"%%&1) *+,-"$ ,0 &''+ @#)$">"0)4 ,%>"

3+0+)/+ $@00&++$-+ $&&$ BC D 36& BCD EF

G+(+/))-)(3)'-,(& θ 9"0'-$&,,0 g(θ) ,0 &1)0-&2-$))(&-+34 '"& 3+%&/& -6)5

.7(+9"0'-$&,,0&1) 36(1$"$)$- *7()%1"8 9"0'-$&,,0&1) 36(1$"$4 L(θ1|x) = L(θ2|x)⇒
g(θ1) = g(θ2)F

;&0)++($)-) /"1)%&-) *+ 0,(/++%*+,-"$) ))%1"$) ',0-)'$-&$ ,0 %&#-0) 075

#+4 )- 9"0'-$&,,0 h(β) ,0 &1)0-&2-$))(&-+3 3+&1 $&&$4 '"& -)>)/&$- ,0 Xβ

9"0'-$&,,0&>+4 $- '"& %)&1"8 9"0'-$&,,0 g4 0&& )- h(β) = g(Xβ)F
H7&-+/) )$/+%-4 )- '"& h(β) ,0 '&(*+ .+01+3 '"& Xβ 9"0'-$&,,04 h(β) =

g(Xβ)4 $&&$ ,0 -)>)/&$- .+(+/))-(&-) β &1)0-&2-$))(&-+3+ 9"0'-$&,,0&>+F

I6(1"$)$- h(β) = g(Xβ) *7()%1"84 )- '"& Xβ1 = Xβ2 $&&$ h(β1) =
h(β2)4 $)$- h(β1) = g(Xβ1) = g(Xβ2) = h(β2)F

I++-+/)4 '+$ $)%%&$)% *"#"% ,0 h(β) &1)0-&2-$))(&-+3J
K)%>"84 )- /&$-+#)$ Xβ 9"0'-$&,,0 ,0 &1)0-&2-$))(&-+34 $)$-:

L(β1) = L(β2) ∀y

c exp

(
−

1

2σ2
(y −Xβ1)

T (y −Xβ1)

)
= c exp

(
−

1

2σ2
(y −Xβ2)

T (y −Xβ2)

)

(y −Xβ1)
T (y −Xβ1) = (y −Xβ2)

T (y −Xβ2)

I+%&1)$ y = Xβ14 $++/)

(y −Xβ1)
T (y −Xβ1) = (y −Xβ2)

T (y −Xβ2)

0 = (Xβ1 −Xβ2)
T (Xβ1 −Xβ2)

Xβ1 = Xβ2
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"##$% &'#()*%+,-.&/011-02# 3'*2/,/#/& 4)*#52,/6 #& Xβ1 = Xβ27 8,0 %$%

h(β) 1- Xβ +,-.&/011-6 /00/ 4)*#52,9 /#55#/& .% /1130&,2 &,5#:,/ ; h(β1) =
h(β2) #<. h(β) 02#-&0=&/##*0&%3,/7

8,0 3%%&5#:# +,-.&/011-0 h(β) :0/ (15# 3%%2#52%3 Xβ +,-.&/011-0-%6 /&7

.,0 5#02,3%2 β1 4% β26 -00 #& Xβ1 = Xβ2 %$% h(β1) 6= h(β2)6 /00/ (15# 3%/&%3
+,-.&/011- .% 02#-&0=&/##*0&%3>

Xβ1 = Xβ2 ⇒ L(β1) = L(β2),

%$% ##52,/# 4)*$0 h(β1) 6= h(β2)6 /##$% h(β) (15# 02#-&0=&/##*0&%37

?%*%:##&#*3#.&1* β 1- 02#-&0=&/##*0&%36 .,0 XTX 1- (@@*%&%3 A/00/ β =
(XTX)−1XTXβ = g(Xβ)B7

C2#-&0=&/##*0&%3,/ 1- /#1&,2 ,,*0&%3% &,--,/# y 4%1&,/#$%7 D%<#5 /1130E

&%./# .%/,&%2% 02#-&0=&/##*0&%3,/#$% /%*-%/& :'0/&#& 05:% ,,*0&%3% &,--,/#

4%1&,/& :)-$, &11:%&%7

 !"#$%&$''# ()*  !"!#$$%"&%$ '&($!!"($ )*(+%,&--( λTβ -(  !""#$#%. +*&

'$&/*0 ,$''&($ 1$+%-" v. $% E(vTy) = λTβ 2#&,%!3$, β 144"%*,$ +-""!'56

F#0/0/'-, ; (%*%:##&*0&# β +,-.&/011- λTβ 1- <0--%&%36 .,0 1- 3'0:%50.

5#02% 50-#%%*/#& -0<.#&% <0--%-$,& λTβE5#7

G- 50<&-# -)<%6 #& (%*%:##&*0&# 50-#%%*/# +,-.&/011-0 <0--%&%3,/ 1- -1*E

:%%54%1&,/# ##52,/# .#<&02#/ /%:%3))*-# (%*%:##&*0&# 50-#%%*/# +,-.&/011-0

02#-&0=&/##*0&%3,/#$%7 8,0 (%*%:##&#*3#.&1* λTβ 1- <0--%&%36 /00/

E(vTy) = λTβ ∀β

vTXβ = λTβ ∀β

vTX = λT

4% 4)*#50.,5& 1- λTβ #/0&%&%3 .,0 Xβ A50-#%%*-#B +,-.&/011- A:0/ 1- 02#-&0E

=&/##*0&%36 .,0 3%%&5,/3#.&1* 1- -1*:%%54%1&,/#$%B7

8,0 %$% y 1- -1*:%%54%1&,/#$% 4% (%*%:##&*0&# 50-#%%*-# +,-.&/011- λTβ

1- 02#-&0=&/##*0&%36 /00/ λTβ = vTXβ = E(vTy) A/#/& λTβ (#%9 15#:% Xβ

+,-.&/011-B 4% /##$% 1- &% .% <0--%&%37

H0--%&%3,/# A#/&0:%9050&IB ##50/#./ 1- /##6 #& &#:% .1-&*1550:0/#./ (15#

&%*30/ &#<% ##52,/#02 ,,*0&%3% &,--,/# 4%1&,/# .1<&%7

J##-,&,/#./>

• λTβ 1- <0--%&%3 ⇔ ∃v6 -00 #& vTX = λT
7

• 8,0 :%%&*0./ XTX 1- (@@*%&%36 /00/ 1- (%*%:##&#*3#.&1* β 0/# <0--%E

&%3 -0-$ <0--%&%3%2 1- .% .'0. 3'0:%50.,2 (%*%:##&*0&# 50-#%%*.1:E

90-%&/011-027
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• "#$$% &'#& ()*)+%%$*#$% #,%-$#.$/%%*#$)0), 12-&$/#33-#, 4-5#$%&/ β1/β26

%# (*227# 388) 9#--)$)0), 4/%/$ β1/β2 (38% ()*)+%%$*#$% 8#-%))*-% 12-&$:

/#33-6; <'#& 9#--)$)0), 12-&$/#33-#, 3- )7) 4059%+)8$ -3*+))8=)3$2/%

&3-$%&/$#/6 #,%-$#.$/%%*#$)0),;

• <'#& 9#--)$)0), ()*)+%%$%*12-&$/#33-#, 3- &#*=) ()-,)0), &2# /22*2:

/% Xβ 4>?y6 12-&$/#33-#,;

@%%7) +#/$)9%/ 38%+)/38%0)$% 0))$82/$% 8#-%))*&3+A#-)$/#33-# &%/&:

055*$2/ 3- 9#--)$)0; B5#$%&/ &2=2$) %-,)8% %$$% 8#9$/)$ C9%1)&$3*#8#/$

,#/(%*/#33-)-)8CC/#D 1)&$3*$2--2/%&/ 3872 /272; <2# 0)8#+#/ 3- 059%:

+)8$ E +%%/D 3- +%%/$% &%/&055*$2/ 9#--)$)0; <2# 0)8#+#/ 3- 059%+)8$

E -)#-%D 3- -)#/$% &%/&055*$2/ 9#--)$)0; <2# 0)8#+#/ 3- 059%+)8$ E

+%%/ =) E -)#-%D /##/ 3- +%%/$% =) -)#/$% %*#-%02/% &%/&055*$2/ 9#--):

$)0;
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 !" #$%&' (&)*$$%)* )&+,*-$ +&))$). / 0*1- 2&)*$%

3)4&$1*5 61-&'$-7% 802369

"##$%&' (%))*+* (%))*+*$*+ ,*-*&''+'-./)0+1%##)% λTβ2 "##$%&'3 '+ (%)4

)*)5 #6'01 )%(0'+* (%))*)5/+' 1'*1 $7%01'&* $8%&*6%0/ $*-%''-/$/1'5* 9$'*4

5*:2 ;%66%1+ (%))*)5/+ ,'*01%&' 0*1/+*&*<

 !"#$%&$''# ()(  !""#"$%& λ̂Tβ '%&(%&#'() *#+!,#'( -!")##+()'( "!.')&#

.!""#"$%'( /012345 '%! &# +#.%-6#7 89+$,!()!6 ":%6)!6;

<= 1!")##+(%(

λ̂Tβ = aTy

>= ?!.')&%(

∀β E(λ̂Tβ) = λTβ

@= A!"!,##-") 6!(*)+(!BB" /,!"!,##-") ')(',!") +%%&C!$#4;

D(λ̂Tβ) ≤ D(λ̃Tβ)

∀λ̃Tβ 'B++#- ,!( +#.%-6#7 ":%6)!6 /<4 8# />4= E)!(!(:"%;

D(aTy) ≤ D(bTy)

∀b 'B++#-5 ,!--) *%.%- 3bTy = λTβ (∀β)=

;7-0/1=

>8/?' 9@: $8%A 0%-B* ,*))* 0* 0/B/6

C(aTy − λTβ)2 ≤ C(bTy − λTβ)2.

"''5* #+1%&' 6%)'**-1'+ )%(0'+* (%))*)5/+ &%66' 0#--*6 (%))*)5/ ##?*+*$

-//+$%5* #6'01 &%)%&**6)'2

*!'+!!, ()-  !"##$%!&'()* +,(&,,-

F##&#,) ,%6)-!&

3y = Xβ, D(y) = σ2I.

G%! λTβ B" .!""#&#C5 (!!(

λT β̂ = λT (XTX)−XTy 9 2DE:

B" *#+!, -!")##+") "!.')&# .!""#"$ λTβH-)=
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 !"#$%#

"#$%&' (%)*$* '+,*&*- *' ).,/*'0#* )102*#' 3 4 5+6*&2078

∀β "(λ̂Tβ) = λTβ

∀β "(aTy) = λTβ

∀β aTXβ = λTβ

aTX = λT

90)% #%$% )10* (*%7 /*,'.$% /% $.):. '*.#* &.)*%%6#* ,.))%):0 bTy 5%;/#-

#%%$*8

(aT − bT )X = 0.

<%%'%$* #*&&* '*.#* &.)*%%6#* ).,/*'% ,.))%):0 2.#(*6#.;;).8

=(bTy) = =(bTy − aTy + aTy)

= =(bTy − aTy) +=(aTy) + 2>;?(bTy − aTy,aTy)

= =(bTy − aTy) +=(aTy) + 2(bT − aT )>;?(y,y)a

@0,0&- /0. aTy = λT β̂ = vTPXy = vTX(XTX)−XTy- #..# σ2(bT −aT )a =
0 3#*#' (bT − aT )X = 04 5% #%%$* '0&*$0#*/#8

=(bTy) = =(bTy − aTy) +=(aTy) (≥ =(aTy)).

�

A00#*%#- #%%202 BCD"E,.))%): ;) F,*#*&' $++6%'028

=(bTy − aTy) = 0

σ2(b− a)T (b− a) = 0

b = a.

 !" #$%&' (&)*+,$ )&(($(- ./012

GH I6%$*6 5% IHJHJ%; )+.'%#.2- *' $.#'%,*# ).,/*'% ,.))%):0 2.#(*6#.;;) *.

#%% ;&&% ?+./#*$ '*%'%?%#' (..6.#' 3$.2% '0)'%/#* /0. I6%$*6EJ%; %&%$(..6.4H

K,* (%6%$**'6. /;66%& F'&*7 I6%$*6EJ%; %&%$(..6- *' (%6%$**'6. θ $.#E

'%,*# ).,/*'% ,.))%):0 θ̂ 2.#(*6#.;;) *. #%% ;&&% #006*$ /0. (LL62?++6'0#

M.#,*6. .)N;6$%'#.;;).#'8

=(θ̂) ≥ I(θ)−1.
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"#$# %&'($&)( *'+,)%&) $,%$($--%$(',)('( .&/&'( 0.# )12,2 3#)&%#$,)(3)

3# 4,/3(5# /,44#45&%( 3166#'7 14 3,6.# 8#4+#9 .:654(9#' 3&.&';

<&, 8#6#$((%(69(3%16, θ /,44#45& θ̂ 3()39::6%&) 14 3,6.# 8#4+#9 3&, θ

$,45, =&43%),114> ?θ̂ = g(θ)> ),,)

@(θ̂) ≥L

∂g

∂θ
[I(θ)]−1

[
∂g

∂θ

]T
,

<&) ≥L %:/,)%#2 ABC4(6, 1)#',)% .:6.()%&)% 03&, A ≥L B> ),,) A − B 14

$,%%(4(5#%,,9)('% $::6#%&+ $##%6,3)> )%; xT (A−B)x ≥ 0 ∀x7;
<&, %(5($,)% 14 4,/3(%# /,44#45&5#> g(θ) = θ> ),,)

∂g
∂θ

= I .#

@(θ̂) ≥L [I(θ)]−1,

3&)

I(θ) = ?

{(
∂l

∂θ

)T ∂l

∂θ

}
.

D16$##'.#1%&)( (('+&)('> ',4(##6)(%( $&+(',%( 314%(3)%,) 09##%# 9#'($,%  ;EF7G

∂l

∂β
= (y −Xβ)TX/σ2

.# )((5# 14 H,)/(6, ,4=16$#%),114 0.&/&' 3&, 8#6#$((%(69(3%16 β 14 /,44#%#97

3,6.# 8#4+#9 3&,

I(θ) =
1

σ2

1

σ2
?

{
[(y −Xβ)TX]T (y −Xβ)TX

}

=
1

σ4
XT

?

[
(y −Xβ)(y −Xβ)T

]
X

=
1

σ4
XT Iσ2X

= XTX/σ2

"((5# (, )## 8#6#$((%(69(3%16, β *3)3, 4,/3(%# /,44#45 1''# 9:,3)($# +,)I

8(6),114,5# 3&, I
−1 = (XTX)−1σ2

; <&4# #5# ',4(##6)( $&+(', 3166#'

@(β̂) =@

(
(XTX)−1XTy

)

=(XTX)−1XT
@ (y) [(XTX)−1XT ]T

=(XTX)−1XTσ2IX(XTX)−1

=(XTX)−1σ2,
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"##" $%&'(#)*(+ ,- .'#' /,,(+ )0"*+0+01 2#--0-3 /0&#.0)" -#2)'+0 2#--0-4

3*)" /0&0.''+'&1')+,&#(' β5

6,))*17++')"8 6*# 0-9.'9 ,- -,&.00($0,+*"'30: ε ∼ N : "##" ,- 1%4

2#.&**+*9';"**&#.0 +7'/%&0 2#--0-3 β̂ = (XTX)−1XTy /0&#.0)" -#2)'+0

2#--0-3*)"5

6*# 0-9.'9 /,(' -,&.00($0,+*"'30: ,- "0.0 2#--0-3 /0&#.0)" (#-'00&4

"')" -#2)'+0 2#--0-3*)" <"+5 "'((#"'( $*2*( 17#= ,((0 17#.0(#) ('#90 2#--0-3*+:

.#" ,- /0&'. )*# .'#' /,,(+ /0)*+*9 2#--0-3: )*#9 "'90 2#--0-3*+ '# +0"*

,+"#90 (#-'00&"'+' 2#--0-3*+' )(0""#"+>5


