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y = Xβ + ε, :;0;<

.'/ y *" n×1 6#.,*%= &!/ /!/$)($5 n 6$$(#)($6$, :6>! &>>(#,$6$,< 644%,'/,=

X *" n× p &$$,%!./= &!))# #)#&#",!(#./ *)#6$!( .*"/,$",# &# ,#$&#0 ?$$,3

%!./!, X ,'",$./# /$8#)! .$ &'(#)!3 6>! (!/$!"!&$$,%!./! "!&# $))@ β *" p× 1
A!"($&!/, 6$7$6$,# :,'"(&$,',#< +$%$&##,%!,# 6#.,*%@ ε *" n × 1 7'A'/)!.#
6!8$(# 6#.,*% :/$8#)! %448!,$./# ,#&$/, .$ .'! &'(#)! 744.!(# 6>! +%*8"**/!3

6!8$(# 6#.,*%!/,<0 B!! y .'! ε *" 7'A'/)!.'( 6#.,*%!(0 C#)($(#/= #, ,#A,$6$(

&>>,&!/,')#&'/#( +*)# /2/,#&$$,!)!/#), 6$)#( #A. "!A.#8$ :Cε = 0 6>!= .'!
X *" 7'A'/)!.= C(ε|X) = 0< /$$&#= #,

C(y|X) = Xβ. :;0D<

 !/$./ ##)($&#= #, 7'A'/)!.'( 6#$( ε +*)# .*%%#)##%!,'(=

(E(y|X) =) E(ε) = σ2I. :;0F<

?>"!"8$,# ,')#&'/,# ,$%6!/ )4A#5 ,$%6!/ 6##) ##)('/#!( 7'A'/)!.# /''%'/,#

7$*,'/,# .*A,$0 G#))!/#) 7'A') ##)($&#= #, ε *" n3&>>,&#)!/# "*%&$$)7$*,'3

/#8$ 7'A'/)!. 6#.,*%= ε ∼ N(0;σ2I) 7$ />),'&$,' &'(#)! &$$,%!./!/, :ε⊥X<0
G#))!/,# ##)('/,# .#A,!(#/ +#$5 $8$ .$ y ,!"8)!. 7$*,'/ :,!"8!&'/#)= #, X *"

$",'(< *)#&$ "*%&$$)7$*,'/9

y|X ∼ N(Xβ;σ2I). :;0H<
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y ∼ N(Xβ;σ2I). @<9AB
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-''#' $.!#%/* 012%&!#

yi = β0 + β1xi + εi, i = 1, . . . , 6,

/1* (x1, x2, . . . , x6) = (1, 2, 3, 4, 5, 6) 3' 012%&! 4%'2 εi +$ *5&#10'#12 316

"1*&!/12 *11(1*%2 3'+#1*%)' εi ∼ N(0;σ2), 7''#(!/*/131& /!(3'8'$21&# $.%/*
'$#12 (%)(%**!++$!012%& 4.&3' 3.()0!$%9

















y1
y2
y3
y4
y5
y6

















=

















1 1
1 2
1 3
1 4
1 5
1 6

















[

β0
β1

]

+

















ε1
ε2
ε3
ε4
ε5
ε6

















y = X β + ε.
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yij = µ+ αi + εij ,

/1* i = 1 . . . 3, j = 1 . . . ni, (n1, n2, n3) = (3,1,2)> *''? 0''#(!/*/131& /!(3'
8'$$' 3.()0!*%&#9
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>8+%)(!!*!"# )##*/"% &!+!$ $#%*'.-# )!"#$% &'(')##*(%*# β +%,,',4 β̂ -#$<

$%-#$*6 #* *#..%0'*# &(/4,//-%0%4'"# e = y −Xβ̂ (!!*!"# -!))'
∑n

i=1
e2i =

eTe /$#.- )%,%)''$,#; *#%-%-1,! )%,%)##(%*'.-# '0'$"%-#

S(β) = (y −Xβ)T (y −Xβ)

088(*!- β 78(4%2

?!,.*-%//,% S(β) )%%,%)!)% $#%")%-#.- $#%')# #-)'$* *!$#*%-# 0#.*/(% β
78(4%@

∂S(β)

∂β
=

∂(yTy + βTXTXβ − 2yTXβ)

∂β

= 2βTXTX− 2yTX,

01("-!-*')# $#%*!" *!$#*%-# ,!$$%4' 7' *#%-#,"')# 0#%"% -''"!" 01((',"%-5-<
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β=β̂

= 0

2β̂
T
XTX− 2yTX = 0

XTXβ̂ = XTy. &'()*

+,$ #--!.$/0 (XTX) 12 344.-!-56 0$$0 0--#" 57..-28$090!""#$ &'()* :-;"2<

8$/0

β̂ = (XTX)−1XTy.

=-.-/, 31:" #--!.$/0 XTX 0->":$ 344.-!-5 ? $0">$ 2@$!"0 )(' !118,8

:$;!0- 8$03".0$112-2-:990$ #,8":$ /1..-: 344.8#--!.$/0$! (XTX)−1 "$ "/0$0<

!"".$(

A$8- 0$$0 !";-B +,$ 1!0$#" :-;"28"$8 57..-28$090!""#$:" Ax = b6 0$$0 C,<

;,:6 /,$ :-;"28 :"$8,D6 -5-:8,D !- /,C,: x = A−b6 /,0A− !@;$0!-D #--!.$/0$

A 9:8$0!-!,8 344.8#--!.$/0$! &A− 12 #--!.$/0$ A 9:8$0!-!,8 344.8#--!<

.$/06 /,$ A = AA−A*( E-0,D !@;":" 3-22-6 "! 0"::$2" :-;"28 31:" 9:8C,;,:

9;"0":! #@@.-!,8 ? /,2- 9:8$0!-!,8 344.8#--!.$/0 "$ 3.,,>$ 1::- 9;"0":!

#@@.-!,8( F"">-6 /,$ 57..-28$090!""# &'()* 12 :-;"28,56 -5-:8,D :-;"28

/,C,:

β̂ = (XTX)−XTy. &'('*

G"$!,8 5@;$#.,,!,8" ;$22-2> β̂ 12 9;"0":! #@@.-!,8 5-$8 C,;,:6 /,$

#--!.$/0 XTX 12 344.-!-5( +,$ ->- XTX 12 /78,2,86 0$$0 "/0$0!"".$D .1;<

/"# /,$ 9/0 :-;"28( E@30"#-:!6 $>- β̂6 #$0 -5-:8,D /,C,:

β̂ = (XTX)−XTy + (I− (XTX)−XTX)u,

/,0 u 12 0,5-:$2" n<#77!#":$2" 5"/!1.6 10,!,D 0-#,!$ 57..-28$090!""#$ '()

:-;"28$/0(

+,$8-0 C@@D 57..-28$090!""#$ :-;"28,5,0" /90$#,0">-B F":>,D6 "! 5--<

8":8-5 57..-28$090!""# 12 -:-!$ :-;"28,5( =-.-/, :@;"D :-;"28,5,0" /1.<

."/!0"/0 2@$!-#$0"/0 5-C- #72$2>-$8 !";2$:$0$ 10/,0"$8 C- -D$!,:"#,0$( F"0!-3

:9//-#" !7"0!,0" /1.."/!0" 51.#$0!-#$0" C- 5@;$#.,,!,8" ;$22-2>, 1#-<

8,0!">- !,!5,#$0" 0"2$/0 "8-0$6 /,2$ 1:"#" !7"0!-2,8 /7$/ 5-C-:$/,8 -D$<

!,:"#,0"8( +$.C,!-#" 0$$2/1;-: 5-$8 5@:C- 5@;$#.,,!,8" #""!18$: 0--8,8
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ŷ = Xβ̂

= X(XTX)−XTy

e = y − ŷ

= (I−X(XTX)−XT )y.

,$-! &!!%"'*('% X(XTX)−XT
./0)1 !-%$2 *$"($() "!!&)( (!3).' #!4!5 (''(

#6%!&) %)&! 4!7*( *!($%$().) $$) %/0'()+

PX := X(XTX)−XT . 89:;<

,!($%!2)( $$2()% %/0'(%$( #6'&) *'"4$%!2!+ ŷ = PXy 4! e = (I−PX)y:
=$$()!(5 &/"*! )"'-)#$(% %/0'(%$(%)(+ ε = y −Xβ> e = y −Xβ̂:
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yij = µi + εij , i = 1 . . . k, j = 1 . . . ni.

56,.%$7 ,% &,*%10) βT = (µ1, . . . , µk) 8)22$29 :;";< $&$(-4' *4=4(

β̂ = (y1., . . . yk.),

*4. yi. %>8).%$' i. 904/).% />0)% &$$%(4.%, $0)%+,,%)().% *,.*+).%"

;" 54224., y %)29()**4 *,.*&>>0%4.% .11&)%$*., *)0=,(-$-$ +40-=112, $')(7

*4. +40-,/42*% 12 /42*%). x = 3" ?$$-$&$% +40-=112% *)0=,(-$&$%

/$0$+,,%,0&,*%10)% β = (c0; c1; c2)
T
).,(11+4.%$&$- *1(+ /$0$+,,%0)%@

• c0 A &$'$())9,B

• c1 A +40-=112, ,.)+,., 1.$ %64.B

• c2 A ).,(11+4.%$' .)09, %64.4 +44%4.% /,$(, /42*%) x = 3"

#$$%$ *$ ().$%4- =112).%"

−1 0 1 2 3 4 5

c0

c1

c1

c2

C$2, *)0=$ $2%4- +4-,() +4-,()+$$%0)*. *4) &$$%(4.,)- 12 %,8%4- =>09A

+).%, xA) &>>0%4.%, =440,.@ !7DB  B ;B EB D"


